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Abstract—We investigate the supervisor synthesis prob-
lem for centralized partially-observed discrete event sys-
tems subject to safety specifications. It is well known that
this problem does not have a unique supremal solution in
general. Instead, there may be several incomparable locally
maximal solutions. One then needs a mechanism to select
one locally maximal solution. Our approach in this paper is
to consider a lower bound specification on the controlled
behavior, in addition to the upper bound for the safety spec-
ification. This leads to a generalized supervisory control
problem called the range control problem. While the up-
per bound captures the (prefix-closed) legal behavior, the
lower bound captures the (prefix-closed) minimum required
behavior. We provide a synthesis algorithm that solves this
problem by effectively constructing a maximally-permissive
safe supervisor that contains the required lower bound
behavior. This is the first algorithm with such properties,
as previous works solve either the maximally-permissive
safety problem (with no lower bound), or the lower bound
containment problem (without maximal permissiveness).

Index Terms—Discrete event systems, maximal permis-
siveness, partial observation, supervisory control, synthe-
sis.

|. INTRODUCTION

E INVESTIGATE the supervisor synthesis problem for

partially-observed Discrete Event Systems (DES) in the
framework of supervisory control theory [16]. In this prob-
lem, one is interested in synthesizing a supervisor such that
the closed-loop system under control satisfies a given safety
specification. Formally, let G be a system and K C £(G) be a
prefix-closed specification language describing the legal behav-
ior for the controlled system. The goal is to find a supervisor S
such that £(S/G) C K, where £(S/G) denotes the language
generated by G under the control of S (closed-loop system).
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Moreover, we want the supervisor S to be as permissive as
possible.

Let L C K be a sub-language of K. Under the partial obser-
vation setting, it is well-known that there exists a supervisor that
exactly achieves L if and only if L is controllable and observ-
able [8], [13]. Since controllability is preserved under union,
there exists a supremal controllable sub-language of K; this is
the unique supremal solution to the synthesis problem when all
events are observable. However, the supervisor synthesis prob-
lem is much more challenging under the partial observation
setting, since observability is not preserved under union. There-
fore, the supervisor synthesis problem may not have a unique
supremal solution in general. Instead, there may be several in-
comparable locally maximal solutions.

Several approaches have been proposed in the literature in
order to tackle the synthesis problem; see, e.g., [2]-[4], [7], [9],
[19], [29]. One approach is to compute the supremal control-
lable and normal solution, which was initially proposed in [8],
[13]; see, also [3], [7] for its computation. When all controllable
events are observable, normality and controllability coincide
with observability and controllability, which implies that the
synthesis problem has a supremal solution for this special case.
However, the supremal normal solution may be conservative in
general, when there are controllable events that are unobserv-
able. In [4], [19], two different solutions that are strictly larger
than the supremal normal solution were derived. However, the
solutions obtained by these approaches are not maximal in gen-
eral. In [2], an online approach was proposed in order to com-
pute a maximal solution. This approach can only be applied to
prefix-closed specifications, since the solution obtained may be
blocking in general. The problem of supervisor (or controller)
synthesis under partial observation has also been investigated in
other frameworks; see, e.g., [1], [6], [12], [21].

In our recent works [27], [28], we proposed a new information
structure called the All Inclusive Controller (AIC) in order to
solve the supervisor synthesis problem. The AIC is a finite struc-
ture that “embeds” all (infinitely many in general) safe supervi-
sors for a given specification. A maximal solution for the prefix-
closed case was also obtained based on the AIC. The structure
of the AIC was further extended to the non-prefix-closed case,
where the Non-Blocking All Inclusive Controller (NB-AIC)
was proposed. By using the NB-AIC as a basis, we showed
that the problem of synthesizing a maximally-permissive safe
and non-blocking supervisor for partially-observed DES is de-
cidable. Moreover, the solution can be represented by a finite
structure.

0018-9286 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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Fig. 1. Let G be the system, K be the legal behavior and R be the
required behavior. Mazl, Max2 and Max3 are three incomparable
maximal solutions in K, i.e., Vi, j € {1,2,3} : Maxi ¢ Maxj. However,
Maz1 and Max2 contain the required behavior R, while Maxz3 does
not contain any string in R.

Although maximal solutions have been reported in the liter-
ature in [2], [27], the maximal solutions obtained so far are just
a particular type of maximal solutions, namely, greedy maximal
solutions. In a greedy maximal solution, the supervisor tries to
enable as many events as possible at each control decision in-
stant. However, no consideration is given to including some min-
imum required behavior in these solutions, a meaningful crite-
rion when choosing among locally maximal solutions. This phe-
nomenon is illustrated in Fig. 1. In fact, none of the synthesis al-
gorithms in [2]-[4], [7], [19], [27], [29] can guarantee that the su-
pervisor synthesized therein contains a given required behavior.

In order to resolve the above issue, we consider in this paper a
generalized supervisor synthesis problem called the Maximally-
Permissive Range Control Problem. In this problem, we not
only want to find a locally maximal supervisor, but we also re-
quire that the synthesized maximal supervisor contains a given
behavior. Namely, we want to find a “meaningful” maximal
solution. Note that, as illustrated by Fig. 1, such a solution
need not be unique. More specifically, in addition to the safety
specification language K, which is also referred to as the up-
per bound language, we consider a prefix-closed lower bound
language R C K, which models the required behavior that the
closed-loop system must achieve. To solve the range control
problem, we present a new synthesis algorithm based on the
two notions of All Inclusive Controller (AIC) and Control Sim-
ulation Relation (CSR). The AIC was originally proposed in
[27] in order to synthesize an arbitrary maximal solution, with
no consideration to a lower bound behavior. Throughout the
paper, we only consider prefix-closed languages. Therefore, the
issue of non-blockingness cannot be handled. On the other hand,
to the best of our knowledge, the maximally-permissive range
control problem we solve herein was an open problem even in
the prefix-closed case. Note that the range control problem is
quite different from the problems studied in [27], [28], where no
lower bound specification is considered. Consequently, several
new techniques are developed in this paper to tackle the lower
bound requirement.

This paper is organized as follows. In Section II, we first
introduce some necessary background. Then we formulate the
maximally-permissive range control problem that we solve in
the paper. The notions of Bipartite Transition Structure (BTS)
and AIC are reviewed in Section III. The main contributions
of this paper are presented in Sections IV-VI. In Section IV,
we first reveal that the notion of strict sub-automaton plays an
important role in the range control problem. Then we provide
a new constructive approach for computing the infimal safe
supervisor that contains the lower bound behavior. In Section V,

we define the notion of Control Simulation Relation (CSR). The
CSR is used to resolve the future dependency issue, which is
the main difficulty in handling maximal permissiveness with
the lower bound constraint. In Section VI, we first provide an
algorithm to synthesize a maximally-permissive supervisor that
contains the required behavior. Then we prove the correctness of
the proposed algorithm. We also discuss how to verify whether
a given supervisor is maximal or not. Finally, we conclude the
paper in Section VII.

Preliminary and partial versions of some of the results in this
paper are presented in [25], [26]. The differences between the
present paper and its conference versions are as follows. First,
the approach in [25] does not solve the range control problem,
since it does not guarantee finite convergence. Second, although
the algorithm proposed in [26] solves the range control prob-
lem, the complexity of the algorithm is double-exponential in
general. This is because [26] assumes that the lower bound spec-
ification language is controllable and observable; in the worst
case, it requires exponential state-space explosion of the original
lower bound automaton in order to make this assumption hold.
In this paper, we provide a unified and simplified framework that
subsumes all results in [25], [26], together with all proofs (only
some proofs are presented in [25], [26]). Moreover, we relax
the assumption that the lower bound specification language is
controllable and observable; this significantly reduces the com-
plexity of the synthesis procedure from double-exponential-time
to exponential-time.

Il. PROBLEM FORMULATION
A. Preliminaries

Let ¥ be a finite set of events. We denote by X" the set of all
finite strings over X, including the empty string €. For any string
s € X, |s| denotes its length with |¢| = 0. A language L is a
subset of X*. We denote by L the prefix-closure of language L;
L is said to be prefix-closed ifL=1L,ie., L= {ue¥ e
Y*s.t.uv € L}.

A DES is modeled as a finite-state automaton G =
(X,%, 6,20, X ), where X is the finite set of states, X is the
finite setof events, J : X x ¥ — X is the partial transition func-
tion, zy € X istheinitial state, and X,,, C X is the set of marked
states. The transition function J is extended to X x >* in the
usual manner; see, e.g., [5]. For brevity, we write 6(z, s) as §(s)
ifx = xy. Wedefine L(G, z) := {s € ¥* : 6(x, s)!} as the lan-
guage generated by G from state x, where ! means “is defined”.
We write £L(G,z) as L(G) if = z. In this paper, we will
only deal with prefix-closed languages. Therefore, we assume
that X,, = X and denote an automaton by G = (X, ¥, 6, z¢).

Given two automata A=(X4,3,04,740) and B=
(Xp,%,0p,2p,0), we say that A is a sub-automaton of B, de-
noted by A C B, if 64 (xa,0,5)=0p(zp,0,s) forall se L(A).
We say that A is a strict sub-automaton' of B, denoted by A
B.if (i) A C B;and (ii) Vz,y € X4,Vs € ¥ : dp(z,s)=y=
d4(x,s)=y. Note that, for any two automata A and B such

!"The definition of strict sub-automaton used in this paper is slightly stronger
than the definition used in [7].
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that £(A) C £L(B), we can always refine the state spaces of
A and B and obtain two new automata A’ and B’ such that
L(ANY=L(A),L(B)=L(B)and A’ C B

In the supervisory control framework [16], the event set is
partitioned into two disjoint sets ¥ = ¥.UY, ., where X, is the
set of controllable events and Y, is the set of uncontrollable
events. A control decision v € 2¥ is a set of events with the
constraint that 3. C +, i.e., the supervisor should always en-
able uncontrollable events. We denote by I" the set of all control
decisions, ie., I' ;= {vy € 2% . %, C ~}. Under the partial ob-
servation setting [8], [13], the event set is further partitioned into
another pair of disjoint sets ¥ = ¥,UY,,,, where ¥, is the set
of observable events and >, is the set of unobservable events.
The natural projection P : ¥* — 37 is defined by

P(s)o
P(s)

ifoed,
P(e) = eand P(so) = { ifoex., (1)
The projection P is extended to 2*" by P(L) = {t € ¥¥ : 3s€
Ls.t.t=P(s)} and P! denotes the inverse projection. A su-
pervisor is a function S : P(L(G)) — T, i.e., it enables events
only based on its observations. We denote by £(S/G) the lan-
guage generated by the closed-loop system under control, com-
puted recursively by:
i) e€ L(S/G); and
i) sc€L(S/G)&seL(S/G)AsoceL(G)ANoE
S(P(s)).
Let K C L(G). We say that language K is
e controllable (w.r.t. ¥ and G), if KX, N L(G) = K;
e observable (w.r.t. ¥, and ¥, and G), if (Vs € K,Vo €
Y. 180 € K)[P1P(s)o N L(G) C K|

It is well-known that, given a language K C L(G), there
exists a partial observation supervisor S such that £(S/G) =
K, if and only if, K is controllable and observable [8], [13].

When K is not controllable or observable, i.e., K cannot be
exactly achieved by a supervisor, one is interested in finding
a controllable and observable sub-language of K that is as
“large” as possible in terms of language inclusion; this problem
is also referred to as the synthesis problem. Since controllability
is preserved under union, there exists a supremal controllable
sub-language of K [16], i.e., the synthesis problem under the
full observation setting has a unique optimal solution. However,
there does not exist a supremal controllable and observable sub-
language of L(G), since observability is not preserved under
union in general, i.e., L; U Ly, may be not observable even if
both L; and L. are observable. Instead, there may be several
incomparable locally maximal sub-languages; the definition of
locally maximal will become clear later.

Although observability is not preserved under union, both
controllability and observability are preserved under intersec-
tion when the languages are prefix-closed. Therefore, for a given
language R C L(G), we define the following class of languages

COR)={LC¥:(L=L)A(RCLCLG))
A (L is controllable and observable) } 2)

and there exists an infimal element in class CO(R) defined by
RY9 =N, cco(r) L- We call R'CO the infimal prefix-closed

controllable and observable super-language of R. Moreover, it
was shown in [11], [17] that R'C© is a regular language when
R is regular; language-based formulas for R'“© were provided
in [11], [17].

Since we consider partially-observed DES, we define an in-
formation state as a set of states and denote by I = 2% the set
of information states. Let ¢ C I be an information state, v € T"
be a control decision, and o € Y, be an observable event. We
define the following two operators:

UR, (i)={zeX:3Tyeci,Ise(X,, Ny)" st.x=0d(y,s)} (3)
Next, (i)={z € X:Jy €ist.x =6(y,0)} 4)

B. Problem Formulation

In this paper, we consider a generalized supervisory control
synthesis problem, called the range control problem, where we
have two prefix-closed specification languages:

e the upper bound language K = K C £(G); and

e the lower bound language R=RC K.

The upper bound K describes the legal behavior of the sys-
tem and we say that a supervisor S is safe if L(S/G)CK.
We say that a safe supervisor S is maximally permissive (or
maximal) if there does not exist another safe supervisor S,
such that £(S/G)C L(S'/G). Note that the maximal super-
visor may not be unique and there may be two incomparable
maximal supervisors S} and Sy such that £(S, /G) ¢ L(S2/G)
and L£(52/G) ¢ L(S,/G). In order to synthesize a “meaning-
ful” maximal solution, we introduce a lower bound language
R describing the required behavior that the closed-loop sys-
tem must achieve. Examples of using the range requirement to
impose design constraints can be found in [10], [13]-[15]. We
now formulate the Maximally-Permissive Range Control Prob-
lem (MPRCP):

Problem 1. (Maximally-Permissive Range Control Problem)
Given system G, lower bound language R and upper
bound language K such that R C K C £(G), synthesize a
maximally-permissive supervisor S*: P(L(G)) — T' such
that R C L(S*/G) C K.

Remark 1: We make several comments on MPRCP.

1) First, under the assumption that . C 3,, MPRCP has a
unique solution, if one exists. In this case, since control-
lability and observability together imply normality, the
supremal controllable and observable sub-language of K
does exist [5] and it coincides with the supremal control-
lable and normal sub-language of K, denoted by K¢V,
Therefore, it suffices to compute K¢ | and test whether
ornot R C K'YV If so, then K€Y is the unique supre-
mal solution; otherwise, there does not exist a solution to
MPRCP.

2) Second, when the lower bound requirement is relaxed,
i.e.,, R ={e}, MPRCP is solved by the results in [2],
[27], since it suffices to synthesize an arbitrary max-
imal supervisor without taking the lower bound into
consideration.

3) Finally, if the maximal permissiveness requirement is
relaxed, then we just need to compute R'“?, and test
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whether or not RI¢C C K. If so, then RC© is the most
conservative solution; otherwise, MPRCP does not have
a solution.

Hence, many existing problems solved in the literature are
special cases of MPRCP. To the best of our knowledge, MPRCP
is still open for the general case, which is clearly more difficult
than the above special cases. In fact, the idea of using both the
upper bound and the lower bound specifications was originally
introduced in [13]. However, the approach proposed in [13] can
only find the most restrictive supervisor satisfying the range
requirement. u

Remark 2: Since controllability and observability provide
the necessary and sufficient conditions for the existence of a su-
pervisor that achieves a given language, MPRCP is equivalent
to the problem of finding a maximal controllable and observable
language L such that R C L C K. This language-based formu-
lation and the supervisor-based formulation are essentially the
same. All results developed hereafter will be stated in terms of
supervisors rather than languages. ]

Throughout the paper, we use K = (Xg,%,0x,20x)
to denote the automaton generating K, and use R =
(Xr,X,0r, 0 r) to denote the automaton generating R. For
the sake of simplicity and without loss of generality, we assume
that K C G. This assumption essentially says that legality of
strings is fully captured by states. Namely, X \ X is the set of
illegal states and d(zq, s) ¢ X iff s ¢ K.

IIl. ALL INCLUSIVE CONTROLLER

In order to solve MPRCP, we use the two structures called
Bipartite Transition System (BTS) and All Inclusive Controller
(AIC); these were introduced in [27] to solve supervisory control
problems. For the sake of completeness of this paper, we review
in this section key definitions and results from [27].

Definition 1: (Bipartite Transition System): A bipartite tran-
sition system 7" w.r.t. G is a 7-tuple

T:(Q€7Q§7h§T/Z7h£YaEOaF7yO) (5)

where QT C I = 2% is the set of Y-states; Q% C I x T is the
set of Z-states and I(z) and I'(z) denote, respectively, the infor-
mation state and the control decision components of a Z-state
z,sothat 2 = (1(2),[(2)); hi , : QL x T — QY is the partial
transition function from Y -states to Z-states, which satisfies the
following constraint: for any y € Q?,,z € Q; and y € I', we
have

hy 7 (y,7) = 2= [[(z) =UR, ()] A[L(z) =1];  (6)

hly QL x 2, — Q¥ is the partial transition function from
Z-states to Y -states, which satisfies the following constraint:
forany y € Q1,2 € Q% and o € X,,, we have

hyy(z,0) =y & [0€T(2)] A [y=Next, (1(2))}; (7

Y, is the set of observable events of G; I is the set of control
decisions of G; and yy € Q¥ is the initial Y-state, where yy =
{xo}.

Intuitively, a BTS is a game structure between the system
(control decision) and the environment (event occurrence). Each

Y -state is a “system state” from which the supervisor makes
control decisions. Each Z-state is an “environment state” from
which (enabled) observable events occur. Since the supervisor
cannot choose which event will occur once it has made a control
decision, all enabled and feasible observable events should be
defined at a Z-state; this is why we put “<” in Equation (7). We
denote by Cr (y) the set of control decisions defined aty € Q¥
inT,ie,Cr(y)={y €T :hl,(y,~)!}. WesaythataBTS T
is
e complete, if Vy € QL : Cr(y) # 0; and
e deterministic, if Vy € QL : |Cr(y)| = 1.

If T'is deterministic, then we also use notation ¢y (y) to denote
the unique control decision defined at y € Q¥ .

For simplicity, we also write y -7 z if z = h% ,(y,~) and
2 Dpyif y= hZ, (z,0). Note that, for two BTSs T} and
Ty, we have that hi', (y,7) = hi’,(y,~) whenever they are
defined. Therefore, we will drop the superscript in kL ,(y,~)
and write it as hy z (y,~y) and y 2L zifitis defined for some T
the same holds for hzy and z = y. Wecall ygyo1v109 ... 00 Yn,
where v; € I',0; € X, a run. A run also induces a sequence

Tn -1 o

Yo a1 Y1 Tn
Yo > 20 > Y1 v Zp—1 > Yn * Zn

We say that a run is generated by 7' if its induced sequence is
defined in 7T'.

Let S: P(L(G)) — T be a partial observation supervisor.
It works as follows. Initially, it makes control decision S(e).
Then new control decision S(o) is made upon the occurrence of
(enabled) observable event o, and so forth. Let s = oy ... 0, €
P(L(S/G)) be an observed string. Then the execution of s
induces a well-defined sequence

S(e) a1
Y —— 20 — W1

We denote by 1S¥ (s) and 15Z (s), the last Y-state and Z-state
in Y020Y122 - - - Z0—1Yn 2n, respectively, ie., [SY (s) = y,, and
IS%(s) = z,. Thatis, IS (s) and 1SZ (s) are the Y -state and
the Z-state that result from the occurrence of string s under su-
pervisor S, respectively. Moreover, ISY (s) and the information
state component of 1.5 (s) can also be expressed as follows

ISY(s)={re X :3tec (%, U{e)NL(S/G)
s.t. P(t) = s Ad(xo,t) =}
I(IS%(s)={recX:3tcL(S/G)s.t P(t)=sA6(xg,t) =1}

S(o1) on S(o1...0n)
—_— ..

Zn

Example 1: Letus consider the system G shown in Fig. 2(a).
The upper bound automaton K is obtained by removing the sin-
gle illegal state 7 from G. Let X, = {c¢1,c2} and X, = {a, b}.
The structure shown in Fig. 2(b) is a complete BTS. From the
initial Y-state yo = {1}, we can make control decision {},

which leads to a Z-state via {1} 4, ({1,2},{}). By observ-

ing event a from this Z-state, we move to the next Y -state by

({1,2},{}) % {3,4}. This BTS is not deterministic since there

are three different control decisions defined at Y-state {3,4}.
Let us consider supervisor S defined by

0= { o

ifs=¢
if s € {a, b} ®)
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Fig.2. ForG,wehave X, = {a,b} and X, = {c1, c2 }. Inthe AIC, rect-
angular states represent Y -states and oval states represent Z-states.
For the sake of simplicity, uncontrollable events « and b are omitted in
each control decision in the figure. (a) K and G, (b) AZC(G,K), (c) R.

Then, for string a € P(L(S/G)), S induces the sequence

{13 2% (L2100 S 3,40 2 (13,4,5), {a))
Therefore, we have that IS%¥ (a) = {3,4} and 1S%(a) =
({37475}7{61})' u

With the above notions, we can “decode” supervisors from a
BTS as explained in the following definition.

Definition 2: A supervisor S is said to be included in a BTS
T if for any observable string s € P(L(S/G)), the control de-
cision made by S is defined at the corresponding Y -state, i.e.,
S(P(s)) € Cr(ISY (s)). We denote by S(T') the set of super-
visors included in 7.

In [27], the AIC structure is defined as the largest BTS in-
cluding only safe supervisors.

Definition 3. (All Inclusive Controller) The All Inclusive
Controller for G and K, AZC(G,K) = (Q++/¢,Q47¢  htC
h?{/c , 20, ', y0), is defined as the largest complete BTS such
thatVz € Q41¢ : I(2) C Xk.

Note that the AIC only depends on the system model G
and the upper bound automaton K; it does not depend on the
lower bound automaton R.. We refer the reader to [27] for more
details and for the construction of the AIC. Here we recall a key
property of the AIC from [27].

Theorem 1: ([27]): A supervisor S is safe iff it is included
in the AIC, i.e., S € S(AZC(G,K)).

Lety € Q!¢ be a Y-state in the AIC. We say that a control
decision v € T'is safe at y if v € Cy47¢(q ) (y). Then we have
the following monotonicity properties.

Proposition 1: (Monotonicity Properties [24]):

1) Any control decision that is safe at Y -state y; is also safe

at Y-state yo C y;.
2) If control decision v, is safe at Y -state y, then so is any
control decision 2 C 7.

If a BTS T is deterministic, then the supervisor included
in T is unique, since the control decision at each Y -state is
unique. In this case, we denote by Sy the unique supervisor
included in T', i.e., S(T') = { St }. Essentially, T' is a realization
of supervisor S7. However, not all supervisors can be realized by
a BTS, since a supervisor may make different control decisions
at different visits to the same Y -state. We say that a supervisor

S is information-state-based (1S-based) if
Vs, t € P(L(S/G)) : IS’;«/(S) = IS;/ (t) = S(s) = S(t).

Then, a supervisor can be realized by a BTS iff it is IS-based.
Example 2: Letus consider again the system G and the spec-
ification K in Fig. 2(a). The AIC for this system is in fact the
BTS shown in Fig. 2(b). Note that, at Y-state {3,4}, we can
either choose to enable ¢; or ¢, but we cannot make control
decision {¢y, ¢y }, since it will unobservably lead to illegal state
7. This is why control decision {c;, ¢ } is not defined at {3, 4}
in the AIC. It is easy to verify that supervisor S defined in Equa-
tion (8) is included in the AIC, since S(€) € Cyze(q.x)({1})
and S(a), S(b) € Cuze(c k) ({3,4}). Therefore, S is a safe su-
pervisor. Moreover, .S is an IS-based supervisor. In particular, if
we remove control decisions {} and {cy} from Y'-state {3,4}
and call the remaining (deterministic) BTS 7', then we have that
S(T) ={S},ie.,S=5r. |
Remark 3: In Fig. 2(b), we can also make control decision
{c1 } at the initial Y-state {1}. However, event ¢; is not feasible
before the next observable event occurs. Therefore, we treat
c1 as a redundant event and omit it in the control decision.
Formally, we say that a control decision + is irredundant at
Y-state y if Vo € v,3z € UR, (y) : §(x, so)!. We say that a
BTS is irredundant if for any y € QL. and for any v € Cr(y),
v is irredundant at y. Similarly, we say that a supervisor is
irredundant if for any s € P(L(S/G)), S(s) is irredundant at
ISY (s). Hereafter, we will only consider irredundant BTSs and
supervisors; this will not affect their properties. |

IV. SYNTHESIS OF THE INFIMAL SUPERVISOR

In this section, we synthesize a BTS T that realizes the in-
fimal supervisor achieving the lower bound, i.e., £(S7, /G) =
R'CO This infimal supervisor will be further used as a ba-
sis to solve MPRCP. First, we illustrate the role of strict sub-
automaton in this problem. Then, we provide an effective algo-
rithm to construct T'z.

A. The Role of Strict Sub-Automaton

The goal of this section is to construct a BTS T such that
L(Sr, /G) = RO Although we know that R'“? is a regular
language, this fact in itself is not sufficient for the purpose of
synthesis. Specifically, we are interested in whether or not R'¢©
can be achieved by an IS-based supervisor which can be realized
by a BTS. This question is very important, since it essentially
asks what is the right state space in order to realize the infi-
mal supervisor that contains R. One may conjecture that there
always exists a BTS Ty such that £(S7, /G) = R'“? when
RO C K. However, this is not true in general as illustrated
by the following example.

Example 3: Let us still consider the system G and the upper
bound automaton K shown in Fig. 2(a). We consider a lower
bound language R which is generated by automaton R shown
in Fig. 2(c). One can easily check that any IS-based supervisor
S does not contain R. This is because events a and b lead to
the same Y-state {3,4} in any BTS and control decision S(a)
and S(b) should always be the same in any IS-based supervisor



YIN AND LAFORTUNE: SYNTHESIS OF MAXIMALLY-PERMISSIVE SUPERVISORS FOR THE RANGE CONTROL PROBLEM

3919

S. However, we can find a non-IS-based supervisor S’, which
enables ¢; after observing a and enables ¢, after observing b,
such that RI€O = L(S'/G). [ |

The reason why there may not exist an IS-based supervisor
that achieves R'“© is explained as follows. Suppose that R. is
a sub-automaton of K such that we can match the state space
of R with the state space of K. Let s € P(R) be an observable
string in P(R) and define

yr(s)={x € Xp: It € RN(E'S, U{e})
s.t. 0p(xo,t) = 2 A P(t) = s}

as the “information state” of R reached upon observing s,
which is analogous to a Y-state in a BTS. Then it is possi-
ble that two different “information states” under the original
control strategy can be merged as a single information state
under the new (more permissive) control strategy. As a con-
sequence, information is lost by using the newly reached in-
formation state. We call this phenomenon information merge.
For example, for the lower bound automaton R shown in
Fig. 2(c), we have that yz (a) = {3} and yx(b) = {4}. In or-
der to achieve R, in addition to enabling events a and b ini-
tially, we also need to enable event u, since it is uncontrol-
lable. Then the two different “information states” {3} and {4}
in R, which are reached by observing a and b, respectively,
will be merged as a single state {3, 4}. However, simply know-
ing state {3,4} is not sufficient for making control decisions
in order to contain the lower bound behavior. To find an IS-
based solution, state {3,4} has to be split into two states:
one is reached by observing a and the other is reached by
observing b.

Let y € 2% be an information state and suppose that Xp C
X. We denote by y|r the restriction of y to the state space of
R, ie., ylr =y N Xp. The following result says that the state
merging phenomenon described above will not occur when R
is a strict sub-automaton of K.

Proposition 2: Assume that R — K C G. Then for any su-
pervisor S such that R C £(S/G), we have that

1. Vs€ P(R) : IS¥ (s)|r = yr(s);

2. Vs,teP(R) : yr(s)#yr(t)=1S% (s) #£1S¥ (1).

Proof: See the Appendix. ]

Remark 4: The intuition of the above result is as follows.
Since R C K, any newly introduced string, namely a string in
L(K)\ L(R), must lead to a state in X \ Xp. Therefore, if
strings s and ¢ lead to two distinct “information states” y; =
yr(s) and yo = yg(t), respectively, then the newly reached Y-
states ¢} and g5 under a supervisor whose closed-loop language
contains R must be in the form of y{ = y; U gy and ) = yo U
12, respectively, where ¢, 92 € X \ Xg. Since y; # yo, we
know that | # v5. [ ]

Therefore, we make the following assumption hereafter.

Assumption I: RC K C G.

Remark 5: Note that the above assumption is without loss of
generality: if R, K and G do not satisfy this assumption, then we
can always refine the state spaces of R, K and G by construct-
ing new automata R/, K’ and G’ such that ) R’ C_ K' C G/;
and 2) L(R) = L(R/), LK) = L(K') and L(G) = L(G).

{3',4,6,6'},{c;

Fig. 3. In Fig. 3(a), G’ is the entire automaton and K’ is obtained by
removing illegal state 7 from G'. (a) K’ and G/, (b) AZC(G',K’).

(b)

Such a pre-processing algorithm can be found in [23], which
generalizes the procedure in [7] from two automata to three
automata. In the worst case, the refined system model G’ con-
tains | X| x (| Xk |+ 1) x (|JXg|+ 1) states. Therefore, only
polynomial-space refinement is needed to make Assumption 1
hold; this is different from the state-partition-automata-based
refinement in the literature, which has an exponential complex-
ity. This assumption and Proposition 2 play important roles in
this paper; they will also be involved several times in our later
development. Finally, we remark that the reason why we as-
sume that K— G and the reason why we assume that RC K
are different. We assume that K G to guarantee that legality
of strings is fully captured by states. We assume that RC K
to make sure that the information merge phenomenon will not
occur. |
Example 4: Let us return to Example 2. The original au-
tomata R and K in Figs. 2(c) and (a) do not satisfy the assump-
tion that R K. Therefore, we refine the state spaces of K and
G and obtain new automata K’ and G’ shown in Fig. 3(a) such
that RC K' C G/, L(K) = L(K') and L(G) = L(G'). The
AIC AZC(G',K') for the refined system is shown in Fig. 3(b).
We see that the original state {3,4} in AZC(G, K) splits into

two states {3/,4} and {3,4'} in AZC(G',K).
|

B. Synthesis Algorithm

We are now ready to show how to compute the supervisor that
achieves R'“C. In particular, we show that such a supervisor
can be realized by a BTS.

Let y C Xy be a set of states in R. We first define the fol-
lowing set of events

Ip(y) ={ceX:Irey,Isey;

uo

s.t. g (z, so)!}

The following result reveals that I'(y) is indeed the set of
events that should be enabled at y in order to achieve R.
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Proposition 3: For any supervisor S : P(L(G)) =T, R C
L(S/G), if and only if,

Vs € P(L(S/G)) : IS (s)lm # 0 = Tr(IS} (5)|n) C S(s).

Proof: See the Appendix. |

Now, we are ready to present the algorithm that constructs the
BTS Ty such that £(Sr, /G) = RIC?. Specifically, the BTS
T, is constructed by a depth-first search as follows. Initially, we
start from the initial Y -state y,. For each Y -state y encountered,
if ylr # 0, we choose ' (y|r) U X, as the unique control
decision defined at y. Note that y|g # @) implies that y can be
reached by some string in P(R), i.e., the supervisor is not sure
whether or not the system has already gone outside the lower
bound language R. Therefore, we choose I'r (y|r ) U . as the
control decision since it is the smallest control decision we need
in order to contain R. If y|g = (), then we know for sure that
the system has already gone outside R and we just choose X,
as the control decision, i.e., all controllable events are disabled.
To summarize the above rule, in the constructed BTS Tj, we
have that

ifylg # 0
ifylr =10

F U 27[,(?
vy € QL er, (y) = {zlf i)

Based on the above discussion, Algorithm INF-SYNT is pro-
posed to construct Tr. Namely, for each Y -state encountered,
we choose one control decision based on the above-discussed
rules; for each Z-state encountered, we need to consider all
observable events that are feasible. Such a depth-first search is
implemented by the recursive procedure termed DoDFS. More-
over, Algorithm INF-SYNT returns “No Solution” when a Y-
state y such that 'z (y|r) U Xyue & Caze(a k) (y) is encoun-
tered. This implies that achieving the lower bound R will violate
the safety specification, either immediately or unavoidably in the
future. In this case, MPRCP has no solution. Of course, R‘¢©
always exists, but our focus herein is on solving MPRCP. (If the
focus is solely on the computation of R'“? | then it suffices to
set K = L(G) in the above development.)

Next, we first illustrate Algorithm INF-SYNT by an example.
Then we prove its correctness.

Example 5: Let us return to the running example. The input
parameters of Algorithm INF-SYNT are R and AZC(G',K’)
shown in Figs. 2(c) and 3(b), respectively. We start procedure
DoDFS from the initial Y-state yo = {1}. Since {1}|r # 0,
we take control decision I' ({1}) U 3, . = X,. (which is de-
picted as {} in Fig. 3(b) for simplicity since all events in it
are uncontrollable events), and move to the successor Z-state
({1,2},{}). Then we need to consider all possible event oc-
currences from this Z-state. If a occurs, then Y-state {3,4'}
is reached. Since {3,4'}|r = {3} # 0, we need to take control
decision T'p ({3}) UX,. = {¢1} U X,.. Similarly, we need to
take control decision {co} U X, if Y-state {3’,4} is reached.
The above procedure yields deterministic BTS T, which is the
part highlighted in Fig. 3(b). |

We now prove the correctness of Algorithm INF-SYNT. First,
we show that, under the assumption that R — K C G, Algo-
rithm INF-SYNT will never return “No Solution” when a solu-
tion exists.

Algorithm 1: INF-SYNT.

input : R and AZC(G,K)
output: 7.
;I;R — {y0}7 QER — (Z)’
DoDFS(yo, Tr);
3 return 7Tr;

procedure DoDFS(y, Tr);
if y|r # 0 then
if Tr(ylr) Uy € CAIC(G,K)(y) then
6 ‘ Act <~ Tr(y|r) U Zuc;
else
7 L return “No Solution”;

else
s | Act + Yye;

9 z < hyz(y, Act);

[ S

wm s

- A
10 Add transition y 29 2 to h?}},
n  if 2 ¢ QL" then

12 QU lzh
13 for o € 3, : hzy(z,0)! do
14 Yy hzy(z,0);
. o Tr .
15 Add transition z — ¢’ to h};
16 ify ¢ Q{,R then
17 Y QY Uy
18 DoDFS(y', Tr);

Theorem 2: Algorithm INF-SYNT returns “No Solution” if
and only if R'“C ¢ K.

Proof: (<) By contraposition. Suppose that Algorithm INF-
SYNT returns BTS Ty. Since S7, is an IS-based supervisor,
forany s € P(L(Sr, /G)) such that IS};TR (s)|lr # 0, we have

Sta (s) = cr, (IS5, (s)) =Tr(IS5, (s)lR) U Sue

Therefore, by Proposition 3, we know that R C L(Sr, /G).
Then, by the definition of ', we know that R“C C
L(St, /G). Moreover, Sr, is safe since it is an AIC-
included supervisor, i.e., £(S7, /G) C K. Overall, we know
that RI€9 C K.

(=) By contradiction. Assume that Algorithm INF-SYNT
returns “No Solution” but R'“? C K. Therefore, we know that
there exists a supervisor S such that R C £(S/G) C K and
there exists a sequence in the form of

Tr(yolr)USuc

: o Tr(yn-1R)USu.
Yo————~a e

2 oy 9)
in procedure DoDFS in Algorithm INF-SYNT such that
HVi=0,...,n:y]r #0;and
) Vi=0,...,n—1:Tr(yilr) UXuc € Cuzeia.x) (i)
and

3) Tr(ynlR) UXBue € Cazeia k) (Yn)-
Next, we show by induction that, for any ¢ > 0, we have that

yi CISY (01...0;)and y;|r = ISY (o1 ...04)|[n  (10)
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Clearly, the induction basis holds for i = 0, since yy = [ S}; (€).
Let us assume that Equation (10) holds for ¢« = k; we need to
show that Equation (10) holds for ¢ = k£ + 1. By definition, we
know that

Yk+1 :{JL‘EX : Ela:/Eyk, Jwe ((FR(yk|R) U Zun) n Euo)*

s.t. 6(z', wop. 1) = x} (11)
={reXp 3 cyr|r, wWe((Tr(Yk|r) USuc) N Tuo)*
s.t. dp (2, wop, 1) =2} U Ac\r (12)

where Ag\p € X \ Xg. Note that the second equality is a con-
sequence of the assumption that R G, since any string that
leaves the state space of R must lead to a state in X \ Xp.
Similarly, we can write

IS;/ (0'1 e Uk+1)
={z€X:3' €ISy (01...0%),Fwe(S(oy...01) NTy,)*
st 6(2' wopyy) = 2} (13)

Z{{L‘EXR 23$IEISg(Ul ...ak)|R,3w€(S(01 ...O'k)ﬁzuo)*

s.t. 0p (2, wop11) = x} U Ba\g (14)
={zeXp: ' €ISE (o1...01)|R,

Jwe (Tr(ISE (01 ... 0%)|R) UXue)NB0uo)*

s.t. 0p (2, wop 1) = x} U Ba\g (15)

= {{EGXR : Elx’eyk|R,Elwe((1"R(yk|R) U Zuc) n Euo)*

s.t. Op (2, wopy 1) =a} U Bg\r (16)

where Bg\r € X \ Xr. Note that the second equality also
comes from the assumption that R — G. The third equality
comes from the fact that, for any string

w e ((S(O'l . ..O'k) \FR(IS}S((O'l Uk)‘R)) ﬁZuo)*

Or(a’,wopy1) is not defined for 2’ € Xp. Note that the last
equality follows from the induction hypothesis that yi|gr =
155(0'1 ...G'k)|R.

Therefore, by Equations (12) and (16), we know that
Ykr1|r = ISY (01 ...0%41)|r. Moreover, by the induction hy-
pothesis and Proposition 3, we know

FR(yk|R):FR(IS;/(O'...UICNR)gS(Jl...Uk). (17)

Since Equation (10) holds for ¢ = &, combining Equations (11),
(13) and (17) together, we obtain yj.1 C ISY (07 ...040%11),
i.e., Equation (10) holds for ¢ = k + 1.

Now, let us go back to the sequence in Equation (9).
Since L(S/G) C K, by Theorem 1, we have S(o...0,) €
Cazec.x)(ISY (o1 ...0,)). We have proved that y, C
ISY (01 ...0,). Then, by Proposition 1, S(oy...0,) €
Caze(c,x)(yn). Moreover, since we have shown that
Tr(ynlr) =Tr(ISY (01 ...0,)|r), by Proposition 3, we have
Tr(yn|r) U2y € S(oy ...0,). Then, by Proposition 1 again,

we know that T'z(y,|r) U Xue € Cazea k) (yn). However,
this is a contradiction. |

Remark 6: Note that the “only if” part of the proof of the
above theorem relies on the condition that R — G. In fact,
if R C G does not hold, then Algorithm INF-SYNT may re-
turn “No Solution” even when R'¢© C K. For example, let us
use R and AZC(G, K) shown in Figs. 2(c) and (b), respec-
tively, as the input parameters of Algorithm INF-SYNT, where
R is a sub-automaton of G but not a strict sub-automaton.
Then, after taking control decision >,. at the initial state
and observing event a, we will reach Y-state {3,4}. Since
FR({3, 4}) @] le == {Cl,Cz} @] Euﬂ ¢ CAIC(GA,K) ({3, 4}), Al-
gorithm INF-SYNT returns “No Solution”. However, a solution
does exist since R'CY C K. This highlights our earlier asser-
tion that the strict sub-automaton condition plays an important
role in the synthesis algorithm. |

The next result reveals that the BTS returned by Algorithm
INF-SYNT is indeed the one that realizes the infimal safe
supervisor.

Theorem 3: Suppose that Algorithm INF-SYNT returns
BTS Tx. Then L(S7, /G) = R'C9.

Proof: We prove this by contradiction. Let us assume that
L(Sr, /G) # R'“O In the proof of Theorem 2, we have shown
that R C £(S7, /G). Therefore, there exists a supervisor S’
such that R C L£(S'/G) C L(S7, /G). This implies that Is €
P(L(S'/G)) N P(L(St, /G)) such that S’'(s) C Sr, (s). For
string s, we have the following two cases.

Case 1: ISSY,I,P (s)|r = 0.

In this case, by Algorithm INF-SYNT, we know that
Sty (s) = er, (IS};TR (s)) = Xy,.. However, it contradicts the
fact that S’(s) C St, (), since S’(s) always contains X,,..

Case 2: ISgTR (s)|r # 0.

In this case, by Algorithm INF-SYNT, Sp,(s)=
I‘R(ISETR (s)|[r) UXye. Since R C L(S'/G), by Proposi-
tion 3, we know that I'p(1SY,(s)|r) U Z,. C S'(s). More-
over, by Proposition 2, we have I1S%,(s)|r = IS}g/TR (s)|r =
yr(s), since both S" and Sy, contains R. This implies that
FR(LS%/TR (8)|lr) UX,e C S'(s). However, this also contra-
dicts the fact that S’(s) C Sy, (s). |

Remark 7: Although language-based formulas for R'¢©
were provided in [11], [17], the formula-based approach does
not tell us directly what is the right structure and how many
states are required to realize the supervisor achieving R'“? . To
the best of our knowledge, no constructive approach for R'C©,
in terms of supervisor, is provided in the literature. The results
in this section not only provide a direct constructive approach
to compute the infimal prefix-closed controllable and observ-
able super-language, but also provides a new structural prop-
erty about the corresponding infimal supervisor. In particular,
we show that, when the state spaces have been properly refined,
ie, RCKCG, 2¥ is sufficient enough to represent this su-
pervisor, i.e., the infimal supervisor can be written in the form
of St, :2% T Moreover, the BTS Tj will be further used as
a basis to synthesize a maximal safe supervisor containing R.
This will be discussed in Section VL. |
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Fig.4. ForR,K and G: ¥, = {v,w}and ¥, = {a,b,v}. (@) R, (b) K, (c) G, (d) AZC(G,K), (€) Tx.

V. CONTROL SIMULATION RELATION

In this section, we first discuss the difficulty that arises in
solving the range control problem. Then we define the notion of
Control Simulation Relation (CSR) as the tool to overcome the
difficulty.

A. Difficulty in Handling the Lower Bound

In order to synthesize a maximal supervisor, the general idea
is to guarantee by construction that the control decision made by
the supervisor at each instant cannot be improved any further.
However, this is not an easy task. Suppose that y € Q' is a
Y -state in the AIC; by Theorem 1, we know that any control
decision in Cyz¢(a K) (y) is a safe control decision. Therefore,
if there is no lower bound requirement and one is only interested
in the safety upper bound K, then we can simply pick a “greedy
maximal” decision from C47¢(q k) (y). This is essentially the
strategy we use in [27]; a similar strategy (but not based on the
AIC) is used in [2]. However, the following example illustrates
how to choose a control decision from C47¢( k) (y) becomes
much more complicated when the lower bound specification R
has to be considered.

Example 6: Let us consider automata R, K and G shown in
Figs.4(a), (b) and (c), respectively, wherewehave R C K C G.
Let ¥ = {v,w} and ¥, = {a,b,v}. The AIC AZC(G,K) is
shown in Fig. 4(d). By applying Algorithm INF-SYNT, we
construct BTS Ty that realizes the infimal supervisor achieving
RO Ty is shown in Fig. 4(e). Initially, T chooses to disable
w, i.e., cr, (yo) = {}, while enabling w is also a safe choice at
the initial Y -state according to the AIC. It seems that choosing
{w} provides more behavior than choosing {}. However, if we
choose {w}, then upon the occurrence of a, we can only choose
to disable v, since we are not sure whether the current state is 3
or 4. This leads to failure to contain the lower bound behavior
(av)*, where we need to enable v after observing a. Therefore,
the lower bound behavior can only be achieved by choosing
{} at the beginning rather than choosing {w}, which is greedy
maximal. |

The above example illustrates the following issue. In some
scenario, enabling more events is not a good choice, since it
may introduce more information uncertainty. Consequently, to
maintain safety, the control decision may become more con-
servative in the future due to this information uncertainty. This

may make the lower bound behavior unachievable. More prob-
lematically, we do not know whether or not enabling an event
will lead to failure to contain the lower bound behavior, un-
less we get stuck at some instant in the future, e.g., after ob-
serving event a in the previous example. Moreover, we do
not know a priori, when or whether or not this phenomenon
will occur in the future. In other words, whether or not a
decision defined in the AIC is a “good” control decision de-
pends on its effects in the future. This future dependency is
the fundamental difficulty of the range control problem and
it is in fact the essential difference between MPRCP and the
standard supervisor synthesis problem without a lower bound
requirement.

B. Definition of the CSR

In order to resolve the future dependency issue discussed
above, we propose a simulation-like relation, called the Control
Simulation Relation (CSR), to pre-process this future depen-
dency and transform it to local information. The key idea is to
compare two BTSs 7T} and 75 and to establish a formal relation-
ship between states in 7 and states in 75. The formal definition
of the CSR is presented next.

Definition 4. (Control Simulation Relation) Let T and T,
be two BTSs w.r.t. the same G. A relation & = &y U P, C
(Q) x Q) U(QL x Q) is said to be a control simulation
relation from T to T5 if the following conditions hold:

D (y0,%0) € ®;

2) For every (y1,y2) € Py we have that:

Y1 LTI z1 in Ty implies the existence of 1 sz 29 1N
Ty such that y; C 9 and (21, 22) € @,

3) Forevery (21, 22) € ®; we have that:

21 LTI vy in 77 implies the existence of 2o QTZ Yo In
T5 such that (yl s yg) € dy.

We say that 7} is control-simulated by 75 or that 75 control-
simulates 77, denoted by 17 =< T5, if there exists a control sim-
ulation relation from 77 to 75.

Intuitively, the control simulation relation captures whether or
not 75 is able to match an arbitrary control decision made by 7}
by either taking the same control decision or a control decision
that is strictly larger than the one made by 77 and maintain this
ability for all possible future behaviors.

Given two BTSs 7T and 75, a relevant question is whether or
not there exists a CSR from 7} to 75. To answer this question,
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we define an operator
Foo@! <@ g@at xQ2t 9@t x@yt )o@y <0y

as follows. For any ® = @y Ud, C (Q1' x QL) U (QL x
? ), we have that
1) (y1,y2) € F(®y)if (y1,y2) € Py and for any transition
i 7—1>T1 21 in T, there exists 1o sz 29 in T5 such that
v C v and (21, 29) € Dy,
2) (z1,22) € F(®z)if (21, 22) € Pz and for any transition
1 LTI y1 in 17, there exists 2o LTQ yo in T such that
(y1,12) € Py
The following results reveal how operator F' is related to the
CSR.
Proposition 4: The operator F' has following properties:
1) @ is a control simulation relation from 7 to 15, if and
only if, ® C F(®) and (yo,%0) € P;
Proof: See the Appendix. |
The above results have the following implications. First, since
& C F(®) for any CSR @, we know that the maximal relation
® is a fixed-point of operator F, i.e., F(®) = ®. Note that
F(®) C ® always holds. By the second property in Proposition
4, we know that F' is monotone. Therefore, by Tarski’s fixed-
point theorem [20], we know that the supremal fixed-point of F,
denoted by ®*(T7, T3), exists and it can be computed as follows

(11, Ty) = lim F*((Qy x Q) U(Q7 x Q7)) (18)

In other words, ®*(77, T3 ) is a maximal control simulation rela-
tion from 7} to T if (yo, yo) € ®*(T1,Ts). Otherwise, 11 £ T»
if (yo,v0) & ®*(T1,T%). This is similar to the standard simu-
lation relation; see, e.g., [18]. Note that the limit in Equation
(18) can be achieved within at most |Q} [|Q1? | + Q5 ||Q |
iterations.

Example 7: We consider again the AIC AZC(G,K) and
BTS Tx shown in Figs. 4(e) and 4(d), respectively. We com-
pute the maximal CSR between T and AZC(G, K); we write
*(Tr, AZC(G,K)) = &} U &, where 3 C Qi x Q1€
and ®} C Q%" x Q4'C. Then we have

Oy = {({1}, {1}), ({3}, {31)}
o7 = {(({1} {1, {1} {}), ({3}, {v}), ({3}, {v}));

({3}, {v}), (13,5} {v,w}))}

The reason why ({3},{3,4}) ¢ ®} is that {v} is defined
at {3} in Tx but there is no decision containing {v} de-
fined at {3,4} in the AIC. Consequently, we know that
({11 (1) ({12}, fw))) ¢ @, where ({1, {}) and ({1,2},
{w}) are the predecessor Z-states that enter {3} and {3, 5} with
the same event a, respectively. |

C. Properties of the CSR

Hereafter, we present properties of the CSR that will be
used later in the paper. Their proofs are provided in the
Appendix.

The first result reveals that the CSR indeed captures whether
or not any possible behavior from a state in a BTS can be
matched by another BTS from some different state.

Proposition 5: Let T1 and T, be two complete BTSs and
z1 € Q? and 2| € Q? be two Z-states in 1} and 15, re-
spectively. Then (z1, ;) € ®*(11,T%), if and only if, for any
sequence

Y1 Tn -1 o

a1 Tn 19
21—/ Y1 — ... —/ 7 2Zp—-1 — Yn ? Zn ( )
in 17, there exists a sequence
i ! ’
/ 01 ;N Tn -1 ! Op 7 Tn /
21 Yp — - Zn—1 Yn Zn (20)

in Ty, such that v; C ~/, Vi > 0.

The next result reveals the relationship between the CSR and
the closed-loop behavior of the system.

Proposition 6: Let T and T, be two deterministic BTSs.
Then L(S7, /G) C L(St, /G), if and only if, T} < T.

The last result reveals that the CSR is transitive.

Proposition 7: Let Ty,T> and T5 be three BTSs such that
Ty < Ty and Ty < Ty. For i = 1,2,3, let y; € Q1 and v, €
Cr, (y;) be a Y-state in T; and a control decision defined at this
state, respectively. Then

[(2’1,22) S @*(Tth) A (22,23) S ¢*(T27T3)]
= [(21,2’3) S @*(T17T3)]

where z; = hy 7 (yi,7i),7 = 1,2, 3.

VI. SYNTHESIS OF A MAXIMALLY-PERMISSIVE SUPERVISOR

In this section, we first present the main synthesis algorithm
that solves MPRCP. Then we prove its correctness.

A. Synthesis Algorithm

As we discussed earlier, to synthesize a maximally permis-
sive supervisor containing R, we need to consider some infor-
mation in the future. Fortunately, such future information has
been transformed to local information by the CSR. The idea of
the synthesis algorithm is as follows. First, we construct BTS
T that includes the infimal supervisor Sz, achieving R'C¢.
Then we compute the maximal CSR between BTS T and the
AIC AZC(G, K). Next, we construct a new BTS, denoted by
T, such that T =< T, by using a depth-first search procedure.
Specifically, suppose that y is a Y-state in 7™ at which we need
to choose a control decision. First, this control decision should
be chosen from Cyz¢(q k) (y) in order to guarantee safety. In
order to take care of the lower bound behavior, we need to make
sure that this control decision preserves the CSR. The reason
why we consider the CSR between T and AZC(G, K) is that
Ty realizes the infimal supervisor containing R; namely, any
BTS whose induced supervisor contains R should “simulate”
the behavior of 1.

In order to formalize the above idea, let y € Q{}I “beaY-
state in the AIC and ¢ € Q)T,R be a Y -state that “tracks” y in Tp
such that y|r, §|r # 0. (How ¢ “tracks” y will be clear later.)
We denote by @}, := ®*(Tr, AZC(G,K)) the maximal CSR
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from Ty to AZC(G, K). Then we define

=(s.9) { cr v€Cuzea.x)(y) and y2cr, (?))aﬂd}
E(y,9):=4v €T

(hYZ(g7 Crp (yA))? hYZ(ya 7)) € (I)E

Set Z(y, y) will be the key in the synthesis algorithm. Intuitively,
~v € E(y, §) is a control decision such that:
1) Itis safe at y, i.e., v € Cuze(q k) (¥): and
2) It contains the corresponding control decision made by
St, at g, i.e., cr, (4); and
3) Any behavior that can occur from the corresponding
Y-state y in Ty can still occur from y in the AIC by
taking .

We are now ready to present the main synthesis algorithm,
which is formally presented in Algorithm MAX-RANGE. Let us
explain how it works. Initially, we construct 7z and compute the
maximal CSR ®*(Tx, AZC(G,K)) from Tj to AZC(G,K).
Then we construct a new deterministic BT'S 7 by a depth-first
search as follows. Initially, we start from the initial Y -state yj.
We pick one control decision from the AIC for each Y -state en-
countered (how this control decision is picked will be specified
soon) and pick all observations for each Z-state encountered.
This depth-first search is implemented by recursive procedure
DoDFS in Algorithm MAX-RANGE, which traverses the reach-
able state space of 7. Moreover, during the construction BTS
of T*, we use Ty to track the sequence that reaches the Y- or
Z-state in T*. Specifically, whenever 7 moves from a Y -state
y to a Z-state z (line 10), we need to move from Y -state y
to its (unique) successor Z-state Z in T (line 12). Similarly,
whenever 7" moves from a Z-state z to a Y -state y via observ-
able event ¢ (line 18), we need to move from Z-state Z to a
successor Y -state ¢ in Tr through the same observable event o
(line 20). In other words, Y -state ¢ in Tr essentially “tracks”
Y -state y in the AIC or in T, since they are always reached by
sequences that have the same projected string. Note that we use
TR to track T only when the current Y -state y encountered in
T* satisfies y|r # (). Whenever y|r = 0, then we justset g = ()
(line 21). This means that we know for sure that the string is
already outside of L(R).

Now it still remains to discuss how to choose the control
decision at each Y -state in 7. To this end, we need to consider
two cases for each Y -state ¢y encountered:

1) Suppose that y|r # 0; this means that y must be reached
by a sequence ¥y 2L dn%n, ) such that the projected string
in this sequence is in P(R), i.e., 0y ...0, € P(R). Then we
know that there exists a sequence in Ty that “tracks” the above
sequence, which means that §J # (). In this case, we choose a
locally maximal decision in Z(y, ), since we still need to be
able to match any behavior in R in the future. This case is
implemented by line 8 of Algorithm MAX-RANGE.

2) Suppose that y|gr = (); this means that y must be reached
by a sequence 3y ——-1"7", 4/ such that o, ..., ¢ P(R).
This also implies that § = (). Then we simply chose a locally
maximal decision in C'47¢(G k) (¥). since we know for sure that
the string is already outside of £(R). This case is implemented
by line 9 of Algorithm MAX-RANGE.

Algorithm 2: MAX-RANGE.

input : R and AZC(G,K).

output: 7.
Tr < INF-SYNT(R, AZC(G,K)) ;
%, « O*(Tr, AZC(G,K)) ;
DODFS(yCH Yo, T*)7
return 77;

procedure DoDFS(y, 3, T™);
if y|r # 0 then
Find a locally maximal element Act in
=(y, ), ie., Vy € E(y, ) : Act ¢ ;

N AR W N =

s =

8
else
9 Find a locally maximal element Act in
L Cazccx) (y), ie., VYECAzcG k) : At L;
10 z < hyz(y, Act);
1 if § # () then
2| 2+ hyz(9, e (9));

else
B | 20
. Act *

14 Add transition y — 2 to rL,;
15 if 2 ¢ QL then
16 Q% + Q% u{zh
17 for o € 3, : hzy(z,0)! do
18 Y < hzy(z,0);
19 if 2# 0 and hzy(2,0)! then
20 ‘ :Ql (—hzy(i’,O');

else
21 L g}' — @;
2 Add transition z % ¢/ to hly;
23 if ' ¢ Q1" then

Qv « Q¥ u{y'})
DoDFS(y/, 9/, T%);

24
25

Note that, in line 8 of Algorithm MAX-RANGE, the locally
maximal element in Z(y, ) may not be unique. If multiple lo-
cally maximal elements exist, then we will randomly choose
one from them; which one to choose may depend on the spe-
cific implementation of the algorithm. However, we will show
in Section VI-B that, no matter which maximal element we
choose from =Z(y, ), our algorithm always guarantees that 1)
the solution satisfies the range requirement; and 2) it cannot be
improved anymore.

We illustrate Algorithm MAX-RANGE in the next example.

Example 8: Let us return to the system we have considered
in Example 6. The inputs are BTS T that includes the infi-
mal supervisor and the AIC AZC(G, K), which are shown in
Figs. 4(e) and 4(d), respectively. We first start procedure DoDFS
from the pair of initial Y-states, i.e., y = § = yo = {1}. Since
({13, 41): ({12}, {w})) & D}, we know that Z({1}, {1}) =
{0}. Therefore, the only control decision we can choose is {}
and we have z = 2 = hy 7 (y, {}) = ({1}, {}). Then upon ob-
serving a, we reach new Y-states y = § = {3}. This time we
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O+~

(b) (©

Fig. 5. Figures in Example 8. (a) T*, (b) £L(S7+/G), (c) Another maxi-
mal solution.

have Z({3}, {3}) = {{w}, {v,w}}, since ({3}, {v}) is related
to both ({3}, {v}) and ({3,5}, {v, w}). Therefore, we choose
{v,w} atstate {3} in T*. Then we move to z = ({3, 5}, {v, w})
and 2 = ({3}, {v}).

Now, from Z-state ({3,5}, {v,w}), if event v occurs, T*
moves to Y-state y = {1}, which has already been visited. If
event b occurs, T moves to Y-state y = {6}. However, Ty
cannot track this move since b is not defined at 2 = ({3}, {v})
in Tg. Therefore, we set § = (), which means that the string is
already outside of R. Therefore, for Y-state {6}, we just choose
a locally maximal control decision in C'47¢({6}), i.e., {w}, and
move to z = ({5,6}, {w}) and Z = (. Finally, by observing b
again, 7 moves back to Y-state {6} that has been visited. This
completes the depth-first search and returns the deterministic
BTS T shown in Fig. 5(a), which includes a supervisor Sy
such that R C L(S7:/G) C K, where L(Sr-/G) is shown in
Fig. 5(b). (We will prove later that this supervisor is indeed
maximal.) [ |

Remark 8: One can verify that the language shown in
Fig. 5(c) is a maximal controllable and observable sub-language
of K. In fact, this solution is obtained by using the strategies
proposed in [2], [27], i.e., we pick a locally maximal decision in
Cazc(a k) () for each Y-state y and disregard the lower bound
requirement. However, this solution does not fully contain R
although it is maximal. |

Note that, given arbitrary Y -states y and g, set =(y, ) may
be empty. For example, in Fig. 4, if we take y = {3,4} and
9 = {3}, then we know that =Z(y, 9) = 0, since ¢z, (§) = {v}
but no control decision defined at y in the AIC contains {v}.
If such a scenario occurs, then Algorithm MAX-RANGE may
get stuck before it correctly returns 7. However, the following
resultreveals that =(y, §) is always non-empty for any Y -states y
and g encountered in Algorithm MAX-RANGE, i.e., the control
decision Act in line 8 of Algorithm MAX-RANGE is always
well-defined.

Proposition 8: For any Y-state y reached in procedure
DoDFS, if § # (), then Z(y, §) # 0. Moreover, y|r = J|r-

Proof: We prove it by induction on the length of the sequence
that reaches y in procedure DoDFS.

Induction Basis: The induction basis holds, since for the ini-
tial state, we have that yo|r = vo. i.e., ¢, (Yolr) € (Y0, Y0)-

Induction Hypothesis: We assume that, for any Y -state
reached by sequence in the form of

Y0 g1 Tn —1 Tn
Yo 21 Yt - ? Zn Yn

in procedure DoDFS, if g, # (), we have Z(y,,, 9, ) # () and
Yn|R = UnlR-

Induction Step: To proceed, we show that, for any Y -state
reached by sequence in the form of

Tn -1 On

Yo [ep Tn On+1
Yo * 2] Y. 7 Zn > Yn Zn+1 Yn+1

in procedure DoDFS, if ¢, 1 # 0, we have that Z(y, 1,

yn+1) 7£ 0 and Yn+1 ‘R = yn+l|R, where 9,11 is the state
reached by the following sequence in Tp

CTp (Z,J(J) A 01 A

erp (91)
Yo ——=2 — Yy ————

CTp (3771 ) ~

CTp (gvi,—l) ~ Opn A 3
’ n n+1

Zn Y

On+1 A
Yn+1

First, we show that y,, 1 1|r = Un+1|r. To see this, we write
Ynr1lr = {r € X : 32’ € y,, Jwo, 11 € L(G) s.t.
we (v, NYuo)* and §(2', wo, 1) =2} R
={z € Xp: 3 € yy|r,Jwo, 1 € LR) s.t.
wE (Y, NEy,)" and (2, wo, 1) =1}
={r € Xg: 3 € Jn|r,Jwo, 1 € LR) s.t.
we (e, (Gn) N Xuo)" and §(2', wo, 1) =x}
={reX:3 €9,,Fwo, 1 € L(G)s.t.
we (ery (Jn) N Buo)" and 8(z', wo41) =7 }R
=Jn+1lr

The second and the fourth equalities follow from the assumption
that R C G, since any string that leaves the state space of R
must lead to a state in X \ X . The third equality follows from
the induction hypothesis that v, |r = ¢, |r and the fact that
FR (?n |R) = CTy (:gn) - Yn -

Next, we show that Z(y,, 11, Jn+1) 7 0. According to line 8
in Algorithm MAX-RANGE, ~, is chosen such that , €
E(Yn, Un ) Note that Z(y,,, §,,) is non-empty by the induction
hypothesis. Therefore, 7, (§,) C 7, and

(hy z (Un s ety (Gn))s by 2 (Yns 1)) € PR

That is, (Un+1,Yn+1) € . Therefore, for any sequence

R CTp (@nw) N On42 CTp (Z7n+k-—|) N
Yn+1 Zn+2 . Zn+k
in T, there exists a sequence
Tn+1 On+2 Tn+k-1
Yn+1 Zn+2 Zn+k

inthe AIC, such thatcr, (Gn+i) C Y+, Vi > 1. Hence, 7y, 11 €
Caze(c,K)(Un+1) and (2,42, 2, 42) € P, e,

(hy 7 (Gn+1, crp (Uns1))s by 2 (Wng 1, Yor1)) € P (21)

Therefore, Yn+1 € E(yn+1,gn+1), ie., E(yn+17:l)n+1) is also
non-empty. This completes the induction step. |

Remark 9: Let us discuss the complexity of Algorithm
MAX-RANGE. First, we need to construct the AIC, which
takes O(| X ||2[2/X 1) according to [27]. Then Algorithm
INF-SYNT takes O(|X||2[2¥) to construct T, since there
are at most 2% Y-states and the same number of Z-states in
Tg; for each Y-state it takes O(|X||X|) to determine its con-
trol decision and for each Z-state it takes O(|X|) to consider
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all possible observations. Computing the maximal CSR &7,
takes O(221X1+21%1) For procedure DoDFS in Algorithm MAX-
RANGE, it takes O(2'*!) to determine control decision Act for
each Y-state and it takes O(]X]) to consider all observations for
each Z-state. In the worst case, there are still 21X 1Y _states and
the same number of Z-states in 7™, which implies that procedure
DoDFS takes O(2***1) to construct T*. Therefore, the over-
all complexity of Algorithm MAX-RANGE is O(22X1+2%]),
which is exponential w.r.t. G. However, it is well-known that the
supervisor synthesis problem under partial observation is NP-
hard even without the lower bound requirement [22]. Therefore,
itis highly unlikely that there exists a polynomial-time algorithm
for MPRCP. Note that, under the assumption that K C G, the
complexity of computing a maximal solution without consid-
ering the lower bound is O(|X||X|2X 1+ 1) [27]. Therefore,
we do need to spend additional effort to guarantee the lower
bound behavior. Also we note that, if Assumption 1 does not
hold, then the refined system automaton may contain at most
| X' :=|X| x (| XKk|+1) x (| Xg|+ 1) states. In the case, the
overall complexity becomes O (22X '+2[*I) which is still single
exponential w.r.t. G, K and R. |

B. Correctness of the Algorithm

In this section, we establish the correctness of Algorithm
MAX-RANGE, i.e., it effectively solves MPRCP.

Hereafter, we still denote by 7™ the BTS returned by Algo-
rithm MAX-RANGE and denote by Sy the supervisor induced
by T*. First, we show that S7- is a safe supervisor.

Lemma 1: L(S7-/G) C K, i.e., Sp- is safe.

Proof: This follows directly from Theorem 1. Since for each
Y -state y encountered, ¢y (y) is chosen from =Z(y, ), which is
a subset of C47¢(c k) (). Therefore, Sr- is an AIC-included
supervisor, which means that it is safe.

Next, we show that language R is contained in L(S7+/G).

Lemma 2: R C L(S7+/G).

Proof: We use Proposition 3 to show that S7- contains R. Let
us consider an arbitrary observable string s € P(L(S7-/G))
s.t. ISE (s)|r # 0. For simplicity, we denote y = I.5§ _(s).
Since y|r # 0, when y is reached for the first time in proce-
dure DoDFS of Algorithm MAX-RANGE, i.e., when state y
is added, it is reached by a sequence 1y, ———""""s y in T*,
where 0y ...0, € P(R). Since 0, ...0, € P(R), there exists

VIO1-Tn On
a corresponding sequence yy —————— ¢ in Tz that tracks

the above sequence leading to y in 7%, i.e., ¥ is the Y -state that
tracks y in the depth-first search. Note that o; ..., need not
be equal to s since there may exist multiple sequences that lead
to y and the depth-first search just randomly picks one of them.
Therefore, y may depend on the specific implementation of the
depth-first search.

By Algorithm MAX-RANGE, ¢7-(y) is chosen such that
cry (9) C er-(y). By Algorithm INF-SYNT, ¢z, (9) is chosen
suchthat g (J|r) U Xy = cr,, (). By Proposition 8, we know
that y|gr = §|r . Moreover, St~ is an IS-based supervisor, which
implies that S7-(s) = ¢+ (y). Overall, we know that

Lr(ISg, . (5)|r) = S7+(s).

=Tr(jlr) C er, (§) C er, ()

Recall that s is an arbitrary string in P(L(S7-/G)). Therefore,
by Proposition 3, we know that R C L£(S7-/G). |

Finally, we show that Sp- is maximal.

Lemma 3: Sy« is a maximally-permissive supervisor, i.c.,
for any safe supervisor S’, L(S7:/G) ¢ L(S"/G).

Proof: By contradiction. Assume that Sp+ is not maximal.
This implies that there exists another safe supervisor S’ such
that £(S7-/G) C L(S’/G). This implies that

1) Vs € L(S7+/G) : ST*( (s)) € S’(P(s)); and

2) 3s € L(S1+/G) : Sr+(P(s)) C S'(P(s)).

Let us consider an observable ble string t € P(L(S7-/G)) such
that Sp-(t) CS’(t) and Vt’e{t} \ {t}: Sp+(t')=S"(t"). Then
we have that IS;«/T* (t)=1SY,(t); we call this Y -state y.

We claim that, for the above y and S’(t), we have

(hy z(y. e+ (y), hy 2 (y, §'(1))) € @*(T", AZC(G, K)) (22)
Too see this, let us consider an arbitrary sequence

crx(y) er+(y1) On er+(Yn)
Yy — — .- 7 Zn+1

g
21— - <n n

(23)

in T*. Since, L(S7+/G) C L(S'/G), S induces the following

sequence
S'(t) o1 g S'(to) ;oon g S'toron)
Yy 21 U ) n Zp+1 (24)

Since S’ is a safe supervisor, by Theorem 1, S’ is an AIC-
included supervisor. This implies that the above sequence exists
in the AIC. Hence, Equation (22) holds by Proposition 5.

Next, we consider two cases for this Y -state y to show the
contradiction.

Case 1: y|lgr = 0.

Since S’ is a safe supervisor, by Theorem 1, S'(t) €
Caze(c k) (y). Moreover, cr-(y) is chosen as a maximal el-
ement in Cy7¢(G k) (y). Therefore, we obtain a contradiction
immediately since ¢z« (y) C S'(t) is not possible.

Case 2: y|r # 0.

Suppose that Y-state y is reached, for the first time, by the
following sequence

71 g1 s In Tn 25
Yo — 21 Yy — . ? Zn, * Y ( )

in procedure DoDFS in Algorithm MAX-RANGE. Since y|r #
(0, we know that oy ...0, € P(R) and the following sequence,
which tracks the sequence in Equation (25), is well-defined in
Tg

CTp (Qn ) ~ On ~

Z, — 4 (26)

Since L(Sr, /G) C L(Sr:/G), by Proposition 6, we know
that T < T*. Therefore, by the definition of the CSR, Equa-
tions (25) and (26) imply that (y, ) € ®*(Tx,T*). This further
implies that

(hYZ (yAa CTp (g))7 hYZ (ya Cr+ (y))) € (b*(TRa T*)

Overall, by Egs. (22) and (27) and by Proposition 7, we get
(hy z(§, cr, (9)), hy 2 (y, §'(t))) € @ (T, AZC(G, K))

Note that we also have that cr, (§) € ep«(y) € S'(¢) and
S'(t) € Cazea k) (y). Therefore, S'(t) € Z(y, 7). However,

27)
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er-(y) C S'(t) is not possible, since cr-(y) is chosen as a max-
imal decision in Z(y, §). This is a contradiction. [ |

Finally, combining Lemmas 1, 2 and 3 together, we have the
following theorem.

Theorem 4: Sty is a maximally-permissive supervisor such
that R C L(S7-/G) C K, i.e., Algorithm MAX-RANGE ef-
fectively solves MPRCP.

Since the resulting supervisor St~ is realized by BTS 7™, we
also have the following corollary.

Corollary 1: St is an IS-based solution, which implies that
the closed-loop language £(S7-/G) is regular.

Remark 10: We have shown that Algorithm MAX-RANGE
solves MPRCP. In fact, it also solves the maximal-
permissiveness verification problem. Specifically, suppose that
there exists a given supervisor S : P(L(G)) — T and we want
to verify whether it is maximal or not. In this case, we can
just set R = L(S/Q) as the lower bound requirement and ap-
ply Algorithm MAX-RANGE to find a maximal safe super-
visor S* that contains R. If £(S/G) = L(S*/G), then we
know that the given supervisor S is already maximally per-
missive, since we cannot improve it any further. Otherwise, if
L(S/G) C L(S*/G), then we know that S is not maximal. To
the best of our knowledge, the maximality verification problem
was open in the literature; it is now solved as a special case of
the synthesis problem. |

VIl. CONCLUSION

We have solved a generalized supervisor synthesis problem,
called the range control problem, for partially-observed DES.
We considered both a standard upper bound specification that
describes the legal behavior and a lower bound specification that
describes the desired behavior. We provided new information-
state-based constructive approaches for computing both infimal
and maximal supervisors satisfying these requirements. The pro-
posed approach combines the three notions of AIC, strict sub-
automaton, and CSR, in a novel manner; each of them plays a
different role in the synthesis problem. This results in a “mean-
ingful” maximally-permissive safe supervisor that contains a
given behavior. An interesting future direction is to extend the
results in this paper to the non-prefix-closed case.

APPENDIX
A. Proofs Not Contained in Main Body
Proof of Proposition 2
Proof: First, we show the first statement. By the definition
of ISY, we have that
ISY (s) ={r € X :Fwe {U(L(S/G)NE*Y,)
s.t. 0(zg,w) =x A P(w) = s}
={reXp:Fwe{cURNEY,)
st.O0p(xo,w) = x A P(w) = s} UAq\r

=yr(s) UAq\r

where Ag\p = {zr€ X : Jwe{c}U((L(S/G)\R)NE*Y,)s.t.
§(zo,w)=2 A P(w)=s} C X\ Xp. The reason why we
know that Ag\p does not contain a state in R is that we have
already assumed that R is a strict sub-automaton of both K and
G. Hence, any string that goes outside of R will not go back to
the state space of R. Therefore, we have that

ISY (s)|r = yr(s)|lr UAg\rlrR = Yr(s) (28)

Next, we show the second statement. Let us consider two
arbitrary strings s,¢ € P(L(R)) such that yg(s) # yr(t). By
the first statement, we can write IS¥ (s) in the form of
IS¥ (s) = yr(s) U Ag\g, where Ag\g € X \ Xp. Similarly,
we can write 1.SY (¢) in the form of 1.SY (t) = yr (t) U Bg\g,
where B;\g € X \ Xy. Note that yr (s), yr (t) € Xg. There-
fore, since yr (s) # yr(t), we have ISY (s) # ISY (t). [ |

Proof of Propositon 3

Proof: (=) By contradiction. Assume that dJs¢&
P(L(S/G)) such that IS¥ (s)|r # 0 and T (1S¥ (s)|r) €
S(s). Let o be an event in I'r(ISY (s)|r) \ S(s). By the
definition of I'p(-), we have that Jz € ISY (s)|r,3w €
Y, 8.t 6r (x,wo)!. Since x € ISY (s)|r., there exists a string
t € R such that P(t) = s and dgp(x¢,t) = z, which implies
that two € R. However, since o ¢ S(s) = S(P(tw)), we
know that two ¢ L£(S/G). This contradicts the fact that
R C L(S/G).

(<) It suffices to show that, ¢t € R =t € L(S/G). We pro-
ceed by induction on the length of the projection of ¢.

Induction Basis: For string t € R such that |P(t)| =0,
we know that t € (T'p({zo}) NXy,)* N R. Since I'r {20 }) =
Lr(ISY (€)) C S(e), we know that te€ (S(e)NX,,)" N
L(G) C L(S/G), i.e., the induction basis holds.

Induction Hypothesis: Assume that t € R =t € L(S/G)
for any ¢ such that | P(t)| = k.

Induction Step: To prove the induction step, we show that
vow € R = vow € L(S/G), where |P(v)| = k,0 € ¥, and
w € X} ,. Note that any string ¢ such that | P(t)| = k + 1 can be
written in the above form. Let o' € {v} be the longest prefix of
v that ends up with an observable event and let x = §(xp,v) €
Xpg. Since |P(v')| = |P(v)| =k, by the induction hypothe-
sis, we know that v' € L(S/G). Therefore, x = §(x¢,v') €
ISY (P(v)). By the definition of ' (-), all events between v/
and vo are in ['z({z}). Since x € Xp and z € IS (P(v)),
we know that ISY (P(v))|r # 0. Therefore, T'r({z}) C
S(P(v)), which implies that vo € £(S/G). Similarly, let
2’ = 6(xg,v0) € Xg. We know that 2’ € IS¥ (P(v)o) and
ISY (P(v)o)|r # 0. Again, since T ({2'}) C S(P(v)o), we
have sow € L(S/G). This completes the induction step. W

Proof of Proposition 4

Proof: The proof is similar to the proof in [18] for the
standard simulation relation. Suppose that ® = &y U ® is a
control simulation relation from 7 to T5. Let (y1,y2) € Py .
Since (Vyl ’Y—I>T1 Zl)(HyQ ’Y—Z>T2 22)[’)/1 Cy A (21 R 2’2) S (I)Z], we
know that (y;,y2) € F(®). Similarly, for any (21, 22) € ®,
since (Va1 =1, y1)(322 S, 12)[(y1.2) € Py], we know
that (21, z2) € F'(®z). Therefore, we conclude that & C F'(®)
and (yo7 y(]) € .



3928

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 62, NO. 8, AUGUST 2017

Suppose that @ C F(®) and (yo,y0) € P. Clearly, the first
requirement in Definition 4 is satisfied. For any (y1,y2) € @y,
we know that the first requirement in the definition of F' im-
plies that second requirement in Definition 4. Similarly, for any
(z1,22) € Py, we know that the second requirement in the defi-
nition of F' implies that third requirement in Definition 4. Hence,
we know that ® is a control simulation relation from 77 to 15.

Now we prove the second property. For any (yi,y2) €
F(®,)N(Q7 x Qf?), we have that (y1,12) € ®; and

(Vg1 251, 21) (Fye ~51, 22)[11 Cre A (21, 22) €01] (29)

Since ®; C &y, we know that (y1,y2), (21, 22) € Po. There-
fore, Equation (29) implies that (yi,y2) € F(®3). Simi-
larly, for any (z1,22) € F(®1) N (QL x QL), we have that
(21,22) € @1 and (V21 Sp, 11)(Fz2 S1, 2)[(y1,92) € 1.
Since ®; C ¥, we also know that (y1,92), (21,22) € Po.
Therefore, (21, 22) € F(P3). [ |

Proof of Proposition 5

Proof: The “only if” part is straightforward. For a sequence
in Equation (19), we can always construct a sequence in Equa-
tion (20) by choosing ~/ for each ¢ > 0 such that v; C 4/ and
(hy z (yi, Vi), hy z (Y}, ~))) € ©*(11,T3). The definition of the
CSR guarantees the existence of such 7/ at each y} encountered.

Next, we show the “if part” by contraposition. Suppose
that (z1,2)) & ®*(T1,T,). Then, by Equation (18), either
there exists an event o1 € X, : hyy (21,01)! but o7 € ¥, :
hzy (z1,01)-!, where “=!” means “is not defined”; or there
exists &1 D ®*(T}, T3) such that (21, 2]) € P, but

(3o1 € Zo)l(y1,m1) & 1]

where y1 = hzy (21,01) and y; = hzy (21, 01).

For the first case, we know immediately that there exists
a sequence 2| LA Y1 MEN zo in 17, where ~; is an arbitrary
control decision in C7, (y1), such that there does not exist a

(30)

sequence 2, ~5 i} NEN 2 in Ty satisfying v; C +/. Hereafter,
we consider the case where Equation (30) holds. Again, by
Equation (18), (y1,y;) € ®; implies that either

(Fn € Or, (y1)) (v € O, (1)) € ]
or there exists ®» O Py such that (y;,y]) € ®, but
(Fn €Cr, (1) (V1 €Cr, (1) = 11 S 7)) (22, 25) € Pa] (32)

where Z9 = hyz(yl,’}/l) and Zé = hyz(yi,’yi).
Suppose that Equation (31) holds, then we also know im-

(€19}

mediately that there exists a sequence z; RAN Y1 n, 29 in 17,

such that there does not exist a sequence 2, ~% 1| —5 2
in T, satisfying «; C 7. Suppose that Equation (32) holds.
Let v € Cr, (y1) be a control decision satisfying Equation
(32) and let 7; € Cr, (y}) be an arbitrary control decision
such that v; C +]. Note that v; C v} implies that Vo € %,, :
hih (20,0)! = hiA (25, 0)). Since (22, 24) ¢ ®o, by Equation
(18), 3P3 D Py such that (29, 25) € D3 but

(Foz € Xo)[(y2,45) & 3]

where Y2 — hZY (22,0'2) and yé = hzy (Zé,O'Q).

(33)

By iteratively applying the above arguments, suppose that,
for some m > 1, we have that

Gy € Ory (Ym)) (V7 € Oy (i Dy L] (34)
and

(V1 <i<m)(3Po;—1 D P9 : (21,2)) € Poj1)

(Foi € 2o )[(yi,¥) & Poi-1] 35)

where Yi = hzy(Zi,O'i), y{ = hzy (zé,ai) and (I’O = CI:’*(Tl,
T5); and

(V1<i<m —1)(3P2; DPoi_1: (yi, y)) €P2;)(Fvi €Cr, (vi))
(Vi € Or, (¥) = vi S )[(2i4152i41) & Pail (36)

where zj1 = hyz(yi,7) and 2, = hyz(y,,~;). In par-
ticular, Equations (34), (35), and (36) are the generaliza-
tions of Equations (31), (33) and (32), respectively. Then

. o Y1 Tm —1

we know that there exists a sequence z; — y; — ... ——
a Tm . a

Zm-1 —= Ym —— zp in T} such that, for any sequence 2z} REN

g Iy I in Ty, if g C i =
0,...,m —1, then there does not exist a control decision
i, € Cr,(y.,) such that v,, C /. This completes the con-
trapositive proof.

Note that, since &1 C 9 C --- C Py, is strictly increas-
ing, such a m always exists. To see this, let @5, = ( 51 X

YU(QY x QF), which is the largest possible relation.
Suppose that for any ¢ < m, there exists ®5; D P9, 1 such
that (y;,y;) € ®a; but (Iy; € Oy (4:))(Vyi € Cr, (¥7) = 7 €
YO(Zis1,21) & ®2;] Then for Py, it must be (I, €
Cr, (Ym)) (¥, € O, (Y1) [y € ] since there does not ex-
ist a relation that is larger than ®,, anymore. |

Proof of Proposition 6

Proof: (=) By contraposition. Suppose that 17 A T5,
which means that (yo,yo) ¢ ®*(T1,T3). Therefore, either (i)
er, (yo) € cr, (yo); or (i) (21,2?) ¢ ®*(T1,Ty), where 2| =
hy z (yo,er, (yo)),i = 1,2. If case (i) holds, then we know
immediately that L£(St,/G) € L(Sr,/G), since S, ()=
er, (yo) Z e, (Yo) =S, (€). If case (ii) holds, then by Propo-
sition 5, there exists a string oy ...0, € P(L(S1, /G))
such that St,(o1...0;) C Sp,(01...0:),YVi=1,...,n—1
but Sy, (o...0,) € S, (0. ..0,). Therefore, we still have that

(<) By contraposition. Suppose that L(S7, /G) <
L(S7,/G). Then doy...0, € P(L(S1,/G)) such that
ST1 (0'1 . Unfl) - ST2 (0'1 - Unfl) but STl ((71 .. O'n) g
St, (01 ...0,). Since T is deterministic, the above string
01 . ..o, uniquely determines the following sequence in 7}

/

Y1 1

1 1 ’hl
Zn—1

Al 1
To o1 Tn 1 T 1
yo b 2l Tyl I Tk 2l @)

n

where 7} = S, (01 ...0;) is the unique control decision de-
fined at y} However, there does not exist a sequence

2 2 2 2
Yo 92 01 2 M Yo -1 2 oy 2 Tn 2
Yo 21 U s Zp—1 Yn Zn (38)
in Ty such that 4} C ~2,Vi =1,...,n, since the control deci-

sion from each y? in 7% is uniquely defined and the only control
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decision defined at 42, i.e., St, (07 ...0,), does not contain
Vi =87, (01...04). |
Proof of Proposition 7

1 1
Tn -1

1 Op 1 Vi
Zn—1 Y

v
Proof: Let z; 75 yb -5 ... L2l be
an arbitrary sequence in 7T7. Since (z1,29) € ®*(T7,T3), by
- . vt Vo
Proposition 5, there exists a sequence z, — 37 —» ... ——
2
22 0 252 25 22 in Ty such that 4} CA2,Vi=1,...,n.
Similarly, since (22, z3) € ®*(T%,T3), by Proposition 5, there
. o1 3 7 Vo1 3 On ;
exists a sequence z3 — Yy — ... —— 2|
in T3 such that v C 4%, Vi = 1,...,n. Therefore, (21,23) €

®*(Ty,Ts) by Proposition 5. [ |
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