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Abstract— In time-critical systems, such as air traffic control
systems, it is crucial to design control policies that are robust
to timing uncertainty. Recently, the notion of Asynchronous
Temporal Robustness (ATR) was proposed to capture the
robustness of a system trajectory against individual time shifts
in its sub-trajectories. In a multi-robot system, this may
correspond to individual robots being delayed or early. Control
synthesis under ATR constraints is challenging and has not yet
been addressed. In this paper, we propose an efficient control
synthesis method under ATR constraints which are defined
with respect to simple safety or complex signal temporal logic
specifications. Given an ATR bound, we compute a sequence of
control inputs so that the specification is satisfied by the system
as long as each sub-trajectory is shifted not more than the
ATR bound. We avoid combinatorially exploring all shifted sub-
trajectories by first identifying redundancy between them. We
capture this insight by the notion of instant-shift pair sets, and
then propose an optimization program that enforces the specifi-
cation only over the instant-shift pair sets. We show soundness
and completeness of our method and analyze its computational
complexity. Finally, we present various illustrative case studies.

I. INTRODUCTION

The analysis and design of distributed cyber-physical
systems has found much attention in industry and academia
in recent years. These systems are often time-critical and
require accurate timing in the satisfaction of system require-
ments [1], e.g., in air traffic control systems and multi-robot
systems. Therefore, it is important to ensure robustness of the
employed control algorithms against timing uncertainties.

Consider the scenario that is shown in Fig. 1 where the
red agent starts from the lower left corner and is required
to arrive in the cyan region (represented by the constraint
µ1(x) ≥ 0) between the time interval 6 − 9 to perform an
action. The blue agent, on the other hand, starts from the
lower right corner and needs to track the red agent with
an accuracy of D meters between the time interval 6 − 9.
Eventually, the red and blue agents should arrive in the grey
top left and the grey top right regions (represented by the
constraints µ2(x) ≥ 0 and µ3(x) ≥ 0), respectively, between
the time interval 17−20. Fig. 1 shows two pre-planned paths
that satisfy this task. However, during the real-time execution
of this path, timing uncertainty may lead to a task violation.
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Fig. 1: Case study illustrating the effect of timing uncertain-
ties, e.g., if the blue agent is delayed and not able to track
the red agent during a pre-specified tracking interval.

For example, an agent may be delayed due to a system failure
or too early due to velocity control errors. In fact, if the blue
agent is delayed by two time steps, then the distance to the
red agent may be larger than D. In this work, we propose
a control synthesis method to compute temporally robust
trajectories under high-level tasks described by constraint
functions or complex signal temporal logic specifications.

A. Related Work

Control synthesis problems of time-critical systems have
been studied from various perspectives. In one direction, the
minimum time control problem has been well studied in
the literature, see e.g., [2]–[5]. While minimum time control
is important in many cases, it does not account for timing
uncertainties. In another direction, resilient control synthesis
studies how to quickly recover from system failures [6],
[7]. The authors in these works consider not only simple
navigation tasks, but also complex Signal Temporal Logic
(STL) specifications [8] as we do in our work. In yet another
direction, the works in [9]–[11] consider temporal relaxations
to find minimally violating solutions. However, while all of
these works consider temporal aspects in the control design,
none of these works directly consider time shifts in the agent
trajectory as e.g. needed in our motivating example.

For this reason, different authors have investigated how
to preserve task satisfaction under such time shifts, e.g.,
as in [12]. Robust control synthesis under time shifts in
agent trajectories is studied for Linear Temporal Logic (LTL)
specifications in [13]–[15]. These works design control laws
which can also account for time scaling effects, e.g., when
an agent pauses or speeds up, and not only time shifts. In
our work, we focus on efficient control synthesis under STL
specifications.

Temporally robust synthesis under STL specifications is
considered in [16] by jointly maximizing spatial and tempo-
ral robustness. Specifically, temporal robustness for STL is
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proposed in [17] and control synthesis under these constraints
is done in our previous works [18]–[20]. However, the
temporal robustness notion in these works considers time
shifts in the atomic elements (called predicates) of STL
which are not always interpretable in terms of time shifts
in the trajectory. For example, in the motivating example
introduced in Fig. 1, the predicate describing the relative
position of the red and blue robot (staying D-close) contains
two trajectories. The works [18]–[20] consider the shift of
this predicate as opposed to the shift of the two trajectories,
i.e., it cannot deal with shifts in the trajectory. We are
inspired by the notion of asynchronous temporal robustness
from [21] that considers asynchronous time shifts in the agent
trajectories, which is in spirit similar to [14], [15].

B. Contributions

We propose an efficient method for control synthesis
under asynchronous temporal robustness constraints. This
notion was recently proposed in [21] for temporal robustness
analysis by capturing timing uncertainty via time shifts in the
system’s sub-trajectories. Our contributions are as follows:

• We propose an optimization algorithm that synthesizes
temporally robust trajectories x(k) under constraints of
the form c(x(k)) ≥ 0. The encoding is efficient as it
avoids combinatorially exploring all time shifts.

• We extend the idea from the above algorithm to complex
signal temporal logic specifications, and we synthesize
temporally robust trajectories under such specifications.
The algorithm is a Mixed Integer Program (MIP).

• We analyze the computational complexity of both algo-
rithms and show their soundness and completeness.

• We present case studies that showcase the efficacy of
our method. We empirically analyze the computational
complexity and observe a computational speed-up of
more than a factor of ten compared to a naive approach.

C. Organization

We present background and problem formulation in Sec-
tion II. We then solve the temporally robust control problem
under asynchronous temporal robustness constraints for con-
straint functions c and signal temporal logic specifications in
Sections III and IV, respectively. Simulations are presented
in Section V, and Section VI concludes our work.

II. BACKGROUND AND PROBLEM FORMULATION

Notation: We denote by F(T, S) the set of all functions
mapping from the domain T into the domain S. Let R and Z
be the set of real numbers and integers, respectively. As we
consider a discrete-time setting, we use [a, b] as a shorthand
notation for the discrete-time interval [a, b] ∩ Z.

A. System Model

We consider a team of N agents where each agent i ∈
{1, . . . , N} is described by the discrete-time dynamics

xi(k + 1) = fi(xi(k), ui(k)),

where xi : Z → Xi ⊆ Rni is the ni-dimensional state and
ui : Z → Ui ⊂ Rmi is the mi-dimensional control input. We
can compactly write the system by stacking the dynamics as

x(k + 1) = f(x(k), u(k)), (1)

where x := [x1, . . . , xN ] : Z → X ⊆ Rn and u :=
[u1, . . . , uN ] : Z → U ⊂ Rm are the stacked state and
control inputs with corresponding domains X := X1× . . .×
XN and U := U1 × . . . × UN and dimensions n := ΣN

i=1ni

and m := ΣN
i=1mi. Consequently, we have f(x(k), u(k)) :=

[f1(x1(k), u1(k)), . . . , fN (xN (k), uN (k))].
We focus on the multi-agent system in equation (1) as

it makes time shifts, which are formally introduced later,
interpretable. For instance, the agent i is delayed by κi time
units if the state at time k is xi(k − κi), κi > 0. If there
were dynamical couplings, e.g., if fi also depends on xj for
j ̸= i, this interpretation would not be possible. On the other
hand, note that an agent may be described by a state that can
be decoupled further, e.g., the two-dimensional motion of an
omnidirectional robot that can be controlled independently.
One could, in principle, split these agent dynamics further
into two sub-systems and consider separate time shifts.

B. Task specification

We consider two forms of task specifications for the
system in (1). We first consider tasks expressed by the
constraint function c : Rn → R, and then consider more
complex tasks in the form of Signal Temporal Logic (STL).

Constraint functions. One way of defining tasks is by
means of constraints cj(x(k)) ≥ 0 which are imposed for
all times k specified by a corresponding time set Tj for j∈
{1, . . . , nc} where nc is the number of constraint functions.
We denote by c the set of all tasks consisting of the function
cj(x(k)), j∈{1, . . . , nc}, and we note that c is satisfied if

cj(x(k)) ≥ 0, ∀j∈{1, . . . , nc},∀k∈Tj .

For later convenience, we now define the satisfaction func-
tion βc : F(Z,Rn) → {−1, 1} that indicates if the state
sequence x satisfies the task c as

βc(x) :=

{
1 if infk∈Tj cj(x(k)) ≥ 0,∀j∈{1, . . . , nc}
−1 otherwise.

Note that βc(x) = 1 represents task satisfaction, while
βc(x) = −1 indicates task violation. In this paper, we
assume that all the time sets Tj , j∈{1, . . . , nc} are bounded.

Example 1: Consider the setting from the motivating
example in Section I where the task c with nc = 2 can
be expressed by c1(x(k)) and c2(x(k)) as follows,

c1(x(k)) := min(µ1(x1(k)), D − ||x1(k)− x2(k)||2),
c2(x(k)) := min(µ2(x1(k)), µ3(x2(k))),

with T1 := [6, 9] and T2 := [17, 20] where D is the required
maximum distance between two agents. The red and blue
agents’ states are x1 and x2, respectively.
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Signal Temporal Logic. Signal temporal logic was intro-
duced in [8], and we here only give a brief introduction. The
syntax of STL formulae is as follows

ϕ ::= ⊤ | πµ | ¬ϕ | ϕ1 ∧ ϕ2 | ϕ1U[a,b]ϕ2,

where ⊤ is the true symbol and πµ is a predicate whose
truth value is determined by the sign of an underlying
predicate function µ : Rn → R, i.e., πµ = ⊤ if and
only if µ(x(k)) ≥ 0. The symbols ¬ and ∧ denote the
standard Boolean operators “negation” and “conjunction”,
respectively, and U[a,b] is the temporal operator “until” with
a, b ∈ Z. We consider bounded STL formulae where the
time interval [a, b] is bounded. These operators can be used
to define “disjunction” by ϕ1 ∨ ϕ2 := ¬(¬ϕ1 ∧ ¬ϕ2),
“implication” by ϕ1 → ϕ2 := ¬ϕ1 ∨ ϕ2, “eventually” by
F[a,b]ϕ := ⊤U[a,b]ϕ and “always” by G[a,b]ϕ := ¬F[a,b]¬ϕ.
The semantics of an STL formula ϕ can, similar to the
constraint function c, be captured by a satisfaction function
βϕ : F(Z,Rn) → {−1, 1} whose formal definition is omitted
due to space limitation and details can be found in [8]. For
a bounded STL formula ϕ, the function βϕ(x) is completely
determined by a finite state sequence x of length Tϕ, which
is the formula horizon as defined in [22], [23].

Example 2: Consider again the workspace from Section
I as well as the following STL formula

ϕ :=G[6,9]π
µ2

1 ∧G[6,9]π
µ3

2 ∧ F[15,17]G[0,3](π
µ1

1 ∧ πµ4),

where the subscript i ∈ {1, 2} within πµ
i means that the

predicate πµ is evaluated over the state xi(k) of agent i, and
µ4 := D−||x1(k)−x2(k)||2. In words, the formula ϕ means
“red and blue agents should stay in their respective grey areas
within the time interval [6, 9], and after that starting from a
certain time instant between the time interval [15, 17], the
red agent should stay in the cyan region for at least 4 time
instants while the distance between the red and the blue agent
is at most D meters”. Note that Tϕ = 20 and that ϕ is more
complex than the task in Example 1.

C. Asynchronous Temporal Robustness (ATR)

Asynchronous temporal robustness was introduced in [21]
to capture robustness of x against time shifts with respect to
task satisfaction. To capture time shifts in x, we introduce
the definition of the time shifted state. Given the state x, we
denote by xκ̄ the time shifted stacked state with time shift
κ̄ := (κ1, . . . , κN ) ∈ RN . Formally, we let

xκ̄(k) := [x1(k + κ1), . . . , xN (k + κN )]. (2)

Intuitively, the time shifted state xκ̄ is the stacked state with
each state xi shifted by κi where κi < 0 will indicate a delay
and κi > 0 will indicate being early. This definition is useful
in time-critical systems, e.g., where a robot is delayed by κi

to perform an action. We remark that the decoupled dynamics
in (1) enable us to define the shifted state in this way. We
will consider control synthesis for a finite time horizon of T

and hence modify the time shifted state xi(k + κi) to

xi(k+κi) :=

xi(k+κi) if k+κi∈ [0, T ]
xi(0) if k+κi < 0
fi(xi(k+κi−1),0mi) if k+κi > T.

(3)

Particularly, we set the time shifted state to the initial state
when k+κi < 0 and we forward propagate the state under the
zero control input when k+ κi > T . It is worth mentioning
that the last condition can be changed to other reasonable
forms, e.g., xi(k + κi) = xi(k + κi − 1).

Asynchronous Temporal Robustness [21] is used to capture
the maximum permissible time shift in the state sequence
while the task is still satisfied. The asynchronous temporal
robustness (ATR) θ : F(Z,Rn) → Z is defined as follows

θ(x) :=β(x) ·max

{
τ ∈Z

∣∣∣∣ ∀κ1, . . . , κN ∈ [−τ, τ ],
β(xκ̄) = β(x)

}
, (4)

where β ∈ {βc, βϕ} depends on the task at hand. Conse-
quently, if a state sequence x has an ATR of θ′ := θ(x)
and satisfies the task, i.e., β(x) = 1, then every time shifted
signal satisfies the task, i.e., β(xκ̄) = 1, if κ̄ ∈ [−θ′, θ′]N .
Note that the interval [−θ′, θ′] is symmetrical, while we, in
this paper, instead consider a more general and asymmetric
bound [θ1, θ2] where we consider θ1 and θ2 to be given
robustness parameters. This, on the other hand, means that
we do not seek the maximum permissible time shift as in
equation (4). In the remainder, we assume that θ1 ≤ 0
(allowing delays) and θ2 ≥ 0 (allowing being early).

D. Temporally Robust Control under ATR Constraints

Given an initial state x(0) of the system in (1) and an input
sequence u(0 :T−1), consider a cost function J : X×UT →
R. Given the robustness bound [θ1, θ2], the goal of this work
is to compute a control sequence u(0 :T −1) which is robust
to asynchronous time shifts κ̄ ∈ [θ1, θ2]

N , while minimizing
for the cost function J . Particularly, we consider two problem
formulations, one for constraint functions c and one for STL
specifications ϕ.

Problem 1 (ATR Problem for Constraint Functions):
Given a system of the form (1) with initial state
x(0), a cost function J , a task c, a time horizon
T := maxj∈{1,...,nc} maxTj , and an ATR bound [θ1, θ2]
with θ1 ≤ 0 ≤ θ2, compute the optimal control sequence
u∗(0 : T − 1) which minimizes the cost function J and is
robust to time shifts [θ1, θ2], i.e.,

argmin
u∗(0:T−1)

J(x(0), u(0 :T − 1))

subject to
u(0), u(1), . . . , u(T − 1) ∈ U ,
x(k + 1) = f(x(k), u(k)), k = 0, . . . , T − 1,

βc(xκ̄) = 1, ∀κ1, . . . , κN ∈ [θ1, θ2].

Note that the last constraint ensures i) nominal task
satisfaction, i.e., βc(x) = 1, as we assume θ1 ≤ 0 ≤ θ2,
and ii) satisfaction of the ATR bound [θ1, θ2].

Problem 2 (ATR Problem for STL Tasks): Given a
system of the form (1) with initial state x(0), a cost function
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J , a bounded STL specification ϕ, a time horizon T := Tϕ,
and an ATR bound [θ1, θ2] with θ1 ≤ 0 ≤ θ2, compute the
optimal control sequence u∗(0 :T − 1) which minimizes the
cost function and is robust to time shifts [θ1, θ2], i.e.,

argmin
u∗(0:T−1)

J(x(0), u(0 :T − 1))

subject to
u(0), u(1), . . . , u(T − 1) ∈ U ,
x(k + 1) = f(x(k), u(k)), k = 0, . . . , T − 1,

βϕ(xκ̄) = 1, ∀κ1, . . . , κN ∈ [θ1, θ2].
Now, we note already that the solutions to Problems 1

and 2, which we present in Sections III and IV, will have
different computational complexity. In general, STL control
synthesis is NP-hard and computationally more challenging
than dealing with constraint functions c.

III. TEMPORALLY ROBUST CONTROL FOR CONSTRAINT
FUNCTIONS

A straightforward solution to Problem 1 is to consider all
combinations of time shifts κ1, . . . , κN ∈ [θ1, θ2]. Following
the definition of the satisfaction function βc(x), we can do
so by solving an optimization problem where we introduce
the constraint cj(xκ̄(k)) ≥ 0 for each time shift from the set

κ̄∈K̄ := {(κ1, . . . , κN ) | ∀κ1, . . . , κN ∈ [θ1, θ2]}

and for each constraint function j ∈{1, . . . , nc} and for all
corresponding effective time instants k∈Tj , i.e., we enforce

cj(x
κ̄(k)) ≥ 0, ∀j∈{1, . . . , nc},∀k∈Tj ,∀κ̄ ∈ K̄. (7)

However, this method is exhaustive and results in ΘN |Tj |
constraints for each j∈{1, . . . , nc} where Θ := θ2 − θ1 +1
is the length of the interval [θ1, θ2] and where |Tj | denotes
the cardinality of the set Tj . The amount of constraints of
this naive approach may be a computational bottleneck for a
large number of constraint functions nc, for large time shift
intervals Θ, for large number of agents N , and for large sets
of effective times Tj .

In this paper, we instead propose a more efficient method
by identifying redundancy in (7) and by reducing the total
number of constraints. While we obtain a more efficient solu-
tion for constraint functions c, this benefit will be even more
significant for robust control synthesis for STL specifications
as presented in the next section. Our reduction is based on
the following observation that we state as a proposition.

Proposition 1: The state at time k after time shift κ̄ is
equivalent to the state at time k′ after time shift κ̄′, i.e.,
xκ̄(k) = xκ̄′

(k′), if k′ +κ′
i = k+κi for all i ∈ {1, . . . , N}.

From equation (2) it is easy to see that this result holds.
The intuition here is that the time shift κi at time k evens out
with the time shift κ′

i at time k′, e.g., for n = N = 1 we have
that x(1)(0) = x(−1)(2) are both pointing to x(1). Based
on this observation, we know that some of the constraints
in (7) are repeated, and that we can safely remove these
repeated constraints. To capture the set of time shifted states
that contain the same state information, we introduce the

notion of the instant-shift pair set (“instant” for time instant
k and “shift” for time shift κ̄) as follows.

Definition 1 (Instant-Shift Pair Set): Given the time
shift set K̄, the instant-shift pair set I(k, κ̄) is the set of
all pairs (k′, κ̄′) ∈ T× K̄ that point to the state xκ̄(k), i.e.,

I(k, κ̄) :={(k′, κ̄′)∈T×K̄ |∀i∈{1, . . . , N}, k′+κ′
i=k+κi},

(8)
where T ∈ {Tj , [0, Tϕ]} is the set of effective times (de-
pending on the choice of the specification).

For constraint functions cj , we denote by Ps
j the set of all

instant-shift pair sets with respect to Tj , i.e., Ps
j := {I(k, κ̄) |

(k, κ̄)∈Tj×K̄}. Note that each element d ∈ Ps
j is a set that

may consist of more than one pair (k′, κ̄′). For convenience,
we define Pj := {d(1) | d ∈ Ps

j} which simply selects the
first pair d(1) from this set d. In words, Pj is the set of
representative instant-shift pairs selected from Tj×K̄, but it
also includes all the “state information” as in the set Tj×K̄.

Now, instead of enforcing the constraints cj for all j ∈
{1, . . . , nc}, k ∈ Tj , and κ̄ ∈ K̄ as in (7), we can use the
representative instant-shift pair set Pj to solve Problem 1.
Particularly, we find an optimal control sequence that satisfies
the ATR bound [θ1, θ2] as follows:

minimize
u∗(0:T−1)

J(x(0), u(0 :T − 1)) (9a)

subject to
u(0), u(1), . . . , u(T − 1) ∈ U , (9b)
x(k + 1) = f(x(k), u(k)), k = 0, . . . , T − 1, (9c)
cj(x

κ̄(k)) ≥ 0, ∀j∈{1, . . . , nc},∀(k, κ̄)∈Pj . (9d)

We next summarize the result w.r.t. Problem 1.
Theorem 1: The solution u∗(0 : T − 1) of the optimiza-

tion problem in (9) solves Problem 1 if and only if a solution
to Problem 1 exists.

Proof: Note that the main difference between Problem
1 and the optimization problem in (9) is in constraint (9d).
By the observation in Proposition 1 and the definition of the
instant-shift pair sets, we know that cj(x

κ̄(k)) ≥ 0 if and
only if cj(x

κ̄′
(k′)) ≥ 0 for all (k′, κ̄′) ∈ I(k, κ̄) so that the

result follows by construction.
Computational complexity of (9). The optimization prob-

lem in (9) is convex if the input domain U is convex and
if the system dynamics f , the cost J , and all the negated
constraint −cj are convex functions. In general, however,
the optimization problem can be non-convex, e.g., when cj
encodes collision avoidance constraints in which case the
reduction of constraints in (9d) is beneficial. In fact, the main
complexity of the optimization problem (9) largely depends
on the number of constraints in (9d). Let us analyze the worst
case when Tj = [0, T ] in which case there are

Σnc
j=1|Pj | = nc

(
(T + 1)ΘN − T (Θ− 1)N

)
(10)

constraints which is strictly less than nc(T +1)ΘN as in (7).
In fact, our encoding uses ncT (Θ− 1)N less constraints. In
practice, note that usually T is much larger than the length
of the ATR bound Θ and the number of agents N . The result
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in equation (10) can be derived as follows. The cardinality of
the set Pj is equivalent to the cardinality of set Ps

j . Assume
that we construct I(k, κ̄) in Ps

j recursively starting from k =
0 (until T ). At instant k = 0, there will be ΘN sets since
there is no redundancy, i.e., for all κ̄ ∈ K̄ no two pairs (0, κ̄)
will be in the same instant-shift pair set. At instant k, k ∈
[1, T ], ∀κ1, . . . , κN ∈ [θ1, θ2−1], the pair (k, κ̄) is contained
already within the sets constructed in the previous instants,
i.e., only ΘN − (Θ− 1)N new sets have to be constructed.
We can repeat this argument and find that there are in total
ΘN+T (ΘN−(Θ−1)N ) instant-shift pair sets in Ps

j (instant-
shift pairs in Pj) as in equation (10).

IV. TEMPORALLY ROBUST CONTROL FOR STL
SPECIFICATIONS

Solving Problem 2 is inherently more challenging than
solving Problem 1 due to the complexity that is added by
considering STL tasks. We will rely on the Mixed Integer
Linear Program (MILP) formulation proposed and used in
[24]–[27] to encode STL tasks1, and again incorporate the
idea of instant-shift pair sets to leverage redundancy in time
shifts to enforce the ATR bound [θ1, θ2].

Temporally robust STL encoding in an MIP. Let us
present the final result upfront. Problem 2 can be solved by
the following optimization problem

minimize
u∗(0:T−1)

J(x(0), u(0 :T − 1)) (11a)

subject to
u(0), u(1), . . . , u(T − 1) ∈ U , (11b)
x(k + 1) = f(x(k), u(k)), k = 0, . . . , T − 1, (11c)

zϕI(0,κ̄) = 1, ∀κ̄ ∈ K̄, (11d)

where zϕI(0,κ̄) in equation (11d) are binary variables (formally
presented in the remainder) that encode whether or not the
formula ϕ is satisfied by the signal xκ̄. We remark that
zϕI(0,κ̄) = 1 will correspond to satisfaction of ϕ, i.e., to
βϕ(xκ̄) = 1. We further note that setting k = 0 in I(0, κ̄)
indicates that we are imposing the specification ϕ at time
zero. By considering all time shifts κ̄ ∈ K̄ in equation (11d),
we then aim to robustly enforce satisfaction of ϕ for all
trajectories shifted by κ̄. The encoding of the binary variables
zϕI(0,κ̄) is introduced next.

The general idea in [24] is to recursively encode the STL
formula ϕ starting from predicates πµ, and then encode the
remaining Boolean and temporal operators. We additionally
need to capture the time shift xκ̄ in this encoding, which
we next describe step-by-step. In the case of STL tasks, we
denote by Ps the set of all instant-shift pair sets in terms of
[0, Tϕ], i.e., Ps := {I(k, κ̄) | (k, κ̄)∈ [0, Tϕ]× K̄}.

Predicates: For each predicate πµ and for each instant-
shift pair set I(k, κ̄) ∈ Ps, we introduce binary variables
zµI(k,κ̄) ∈ {0, 1}. The following constraints enforce that

1It is worth mentioning that other sound and complete MILP encoding
frameworks for STL, e.g., [28], can similarly be used.

zµI(k,κ̄) = 1 if and only if µ(xκ̄(k)) ≥ 0:

µ(xκ̄(k)) ≤ MzµI(k,κ̄) − ϵ,

−µ(xκ̄(k)) ≤ M(1− zµI(k,κ̄))− ϵ,

where (k, κ̄) in xκ̄(k) can again be any element from the
set I(k, κ̄), and M and ϵ are sufficiently large and small
positive constants, respectively, see [29] for details. We note
that zµI(k,κ̄) = 1 implies that the predicate πµ is satisfied at
instant k′ after time shift κ̄′ for all (k′, κ̄′) ∈ I(k, κ̄) due
to Proposition 1 and the definition of I(k, κ̄). Otherwise,
i.e., zµI(k,κ̄) = 0, the predicate πµ is violated for the
corresponding pairs. We remark that the use of instant-shift
pair sets reduces the amount of binary variables significantly
compared with considering all (k, κ̄) ∈ [0, Tϕ] × K̄. We
discuss the overall computational complexity at the end of
this section.

Remark 1: With some abuse of notation, we may write
zµI(k′,κ̄′) instead of zµI(k,κ̄) in the remainder if (k′, κ̄′) ∈
I(k, κ̄) since they both encode the same predicate. In other
words, zµI(k′,κ̄′) and zµI(k,κ̄) point to the same variable.

Boolean operators: Now consider that the formula ϕ
consists of Boolean operators over formulae ϕi that are
associated with variables zϕi

I(k,κ̄) whose value is 1 if and
only if ϕi is satisfied by x at time k after time shift κ̄.
Equivalently, we can say that ϕi is satisfied by x at time k′

after time shift κ̄′ for all pairs (k′, κ̄′)∈I(k, κ̄). We introduce
binary variables zϕI(k,κ̄)∈{0, 1} of ϕ for a instant-shift pair
set I(k, κ̄) ∈ Ps, and define the following set of constraints
for different Boolean operators:

• Negation ϕ = ¬ϕ1: zϕI(k,κ̄) = 1− zϕ1

I(k,κ̄),

• Conjunction ϕ = ∧m
i=1ϕi:

zϕI(k,κ̄) ≤ zϕi

I(k,κ̄), i = 1, . . . ,m,

zϕI(k,κ̄) ≥ 1−m+Σm
i=1z

ϕi

I(k,κ̄),

• Disjunction ϕ = ∨m
i=1ϕi:

zϕI(k,κ̄) ≥ zϕi

I(k,κ̄), i = 1, . . . ,m,

zϕI(k,κ̄) ≤ Σm
i=1z

ϕi

I(k,κ̄).

These constraints again enforce that zϕI(k,κ̄) = 1 if and only
if ϕ is satisfied at time k after time shift κ̄.

Temporal operators: The encoding of temporal opera-
tors follows the same idea by introducing binary variables
zϕI(k,κ̄)∈{0, 1} for a instant-shift pair set I(k, κ̄) ∈ Ps as:

• Always ϕ = G[a,b]ϕ1:

zϕI(k,κ̄) =

k+b∧
k′=k+a

zϕ1

I(k′,κ̄),

• Eventually ϕ = F[a,b]ϕ1:

zϕI(k,κ̄) =

k+b∨
k′=k+a

zϕ1

I(k′,κ̄),
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• Until ϕ = ϕ1U[a,b]ϕ2:

zϕI(k,κ̄) =

k+b∨
k′=k+a

(zϕ2

I(k′,κ̄) ∧
k′∧

k′′=k

zϕ1

I(k′′,κ̄)).

Soundness and completeness of (11). By the recursive
construction of zϕI(0,κ̄) via an MIP encoding and by induction
over the structure of the STL formula ϕ, we know that ϕ
is satisfied by xκ̄ if and only if we enforce that zϕI(0,κ̄) =
1. Note again that we set k = 0 to impose that the STL
specification ϕ is satisfied at time k = 0 [24]. By enforcing
zϕI(0,κ̄) = 1 for all κ̄ ∈ K̄ as in equation (11d), we indeed
achieve the temporally robust satisfaction of ϕ.

We next summarize the result w.r.t. Problem 2.
Theorem 2: The solution u∗(0 : T − 1) of the optimiza-

tion problem in (11) solves Problem 2 if and only if Problem
2 has a solution.

Proof: Similar to Theorem 1, the main difference
between Problem 2 and the optimization problem (11) is
in constraint (11d). By the observation in Proposition 1 and
the definition of the instant-shift pair sets, it follows that
βϕ(xκ̄) = 1 for each κ̄ ∈ [θ1, θ2]

N . The MILP encoding
from [24] is known to be exact for appropriately selected
M and ϵ (as we assume), so that our encoding for the ATR
bound [θ1, θ2] is necessary and sufficient as we consider all
possible time shifts by the instant-shift pair set.

Computational complexity of (11). The complexity of the
optimization problem in (11) is in general that of a Mixed-
Integer Programming (MIP) which is NP-hard. We can use
the number of binary variables to approximate the computa-
tional complexity since, in the case of convex cost function
J and dynamics f , the complexity mainly depends on the
number of binary variables. Here we analyze particularly the
number of binary variables introduced for predicates. The
total number of binary variables then recursively depends on
the number of Boolean and temporal operators in the STL
formula ϕ, see e.g., [24] for a discussion. In the worst case,
similar to the case of constraint functions c in the last section,
the above encoding will introduce

nπ

(
(Tϕ + 1)ΘN − Tϕ(Θ− 1)N

)
binary variables for predicates based on the instant-shift pair
set I(k, κ̄), which is much less than the straightforward
combinatorial method with nπ(Tϕ +1)ΘN binary variables,
where nπ is the number of predicates in the formula.

V. CASE STUDY

In this section, we illustrate our efficient method on
two illustrative case studies. All simulations are conducted
in Python 3 and we use Gurobi [30] to solve the opti-
mization problem. Simulations are carried out on a laptop
computer with i7-8565 CPU and 8 GB of RAM. Our
implementations are available at https://github.com/
Xinyi-Yu/ATR-cases, where more details can be found.

A. Computation Time Analysis
First, we present a set of case studies to analyze the

computation time and how many constraints and variables are
introduced in the corresponding optimization problems. For
this purpose, we consider the following function constraints
and STL formulae,

c1(x, k) :=

 x1 + x2 − 1, for all k ∈ [5, 10]
x1 − x2 − 2, for all k ∈ [17, 25]

1, otherwise

c2(x, k) :=

 (x1 − x2)x3 − 1, for all k ∈ [5, 6]
x1 + x2 + x3 − 3, for all k ∈ [11, 15]

1, otherwise

ϕ1 :=G[1,10](x1 − x2)
2 < 1,

ϕ2 :=G[7,15](x1−x2+x3)>0.5 ∧ F[1,9]x1(x2−x3)<0.2,

ϕ3 :=F[3,15]G[0,8](x1 + x2 + x3) > 1.

We consider simple agent dynamics xi(k + 1) = xi(k) +
ui(k) with initial state x(0) := 0 and where xi and ui

are one-dimensional states and inputs with constraint sets
Xi := [−2, 2] and Ui := [−2, 2]. For the tasks of c1(x, k)
and ϕ1, we consider N = 2 agents, and for the remaining
cases we consider N = 3 agents. Furthermore, the required
bounds for c1, c2, ϕ1, ϕ2 and ϕ3 are [−4, 4], [−1, 1], [−3, 3],
[−1, 2] and [−3, 4] respectively. The cost function is J :=
ΣT−1

k=0 u(k)
Tu(k) where T is the final time.

In Table I, we report the solve times for all five case studies
as well as the number of constraints and binary variables
that we introduced. We also compare our results to a naive
approach where we combinatorially explore all time shifts
as discussed in the beginning of Section III. As shown in
Table I, our proposed method is more efficient and performs
better than the naive approach, especially when it comes to
more complex tasks (e.g., c2, ϕ2 and ϕ3).

TABLE I: Results report of academic cases in Section V-A

Tasks Naive method Our method

Number1 Solver time (s) Number1 Solver time (s)

c1 1215 0.0404 383 0.0169
c2 189 11.2559 149 1.0292
ϕ1 539 0.0424 215 0.0109
ϕ2 1280 15.858 875 1.5807
ϕ3 17920 84.001 6944 6.7040

1 Number means the number of inequalities for function constraint c1
and c2 while it means the number of binary variables for STL formulae
ϕ1, ϕ2 and ϕ3.

B. Multi-Robot Case Study
Consider again the workspace in the motivating example

in Section I. Recall that we consider two agents, and assume
that both agents have the same dynamics which we model
as a double integrator system with a sampling period of 1
second, i.e., that

x(k + 1) =


1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1

x(k) +


0.5 0
1 0
0 0.5
0 1

u(k),
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Fig. 2: Simulation results of the motion planning case in Section V-B.

where x = [px vx py vy]
T denotes x-position, x-velocity,

y-position and y-velocity, and control input u = [ux uy]
T

denotes x-acceleration and y-acceleration, respectively. The
state and input constraints are X = [0, 10] × [−2.5, 2.5] ×
[0, 10] × [−2.5, 2.5] and U = [−2.5, 2.5]2. We stack both
models together so that we have n = 8 and N = 2.

Tasks: We consider two tasks represented by the con-
straint function and the STL formula from Examples
1 and 2, respectively. The specific representations of
µ1(x), µ2(x), µ3(x) are rectangles shown as corresponding
cyan and grey areas in Figure 2, and we set D to be 1
here. The cost function is J = J(x1, u1) + J(x2, u2) where
J(x, u) = Σ20

k=00.1(v
2
x(k) + v2y(k)) + 0.9(u2

x(k) + u2
y(k)).

Results: We consider the four different ATR bounds
[θ1, θ2] = [0, 0] (no ATR bound), [−1, 1], [−2, 2], and [−3, 3]
respectively. The computed trajectories for both tasks are
shown in Figure 2. The computation time for four ATR
bounds in the case of Constraint functions are 0.0079s,
0.0129s, 0.0169s and 0.0210s while those of STL tasks
are 0.2891s, 4.9307s, 40.3630s and 46.7640s. First, for
the constraint c (top row), we can see that stricter ATR
constraints (from left to right) lead to temporally more robust
paths. For an ATR bound of [−3, 3], both agents will arrive
earlier in the middle region and stay in it for a longer time
with agents staying closer to each other. Second, for the STL
task (bottom row), we can observe a similar behavior.

VI. CONCLUSION

We proposed an efficient control synthesis method under
asynchronous temporal robustness constraints for high-level
tasks described by function constraints and signal temporal
logic formulae. Given a temporal robustness bound, we

compute a sequence of control inputs so that the speci-
fication is satisfied by the system as long as each sub-
trajectory is shifted no more than the ATR bound. We
avoid combinatorially exploring all shifted sub-trajectories
by identifying redundancy between them. In simulations, we
show the efficiency of our method and how we can synthesize
temporally robust trajectories. In the future, we aim to
explore to maximize the asynchronous temporal robustness
and consider decentralized control synthesis for multi-agent
systems.
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