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Abstract—This paper investigates the online monitoring
problem for cyber-physical systems under signal temporal
logic (STL) specifications. The objective is to design an online
monitor that evaluates system correctness at runtime based
on partial signal observations up to the current time so that
alarms can be issued whenever the specification is violated
or will inevitably be violated in the future. We consider a
model-predictive setting where the system’s dynamic model is
available and can be leveraged to enhance monitoring accuracy.
However, existing approaches are limited to a restricted class of
STL formulae, permitting only a single application of temporal
operators. This work addresses the challenge of nested temporal
operators in the design of model-predictive monitors. Our
method utilizes syntax tree structures to resolve dependencies
between temporal operators and introduces the concept of
basic satisfaction vectors. A new model-predictive monitoring
algorithm is proposed by recursively updating these vectors
online while incorporating pre-computed satisfaction regions
derived from offline model analysis. We prove that the proposed
approach is both sound and complete, ensuring no false alarms
or missed alarms. Case studies are provided to demonstrate the
effectiveness of our method.

I. INTRODUCTION

Specification-based monitoring has emerged as a popu-
lar approach for evaluating the safety and correctness of
complex engineering cyber-physical systems, such as smart
cities [16], autonomous vehicles [21], power plants [3],
and industrial IoTs [6]. In this context, a monitor observes
the state trajectory generated by the system and evaluates
the correctness of the trajectory based on a given formal
specification [2], [23], [4]. Compared with formal verification
techniques such as model checking, the key advantage of
monitoring is that it is more lightweight, as it only assesses
the correctness of the system along a single observed tra-
jectory without explicitly enumerating the entire reachable
state space. Therefore, monitoring can be designed indepen-
dently and implemented as an add-on module for arbitrary
systems—even those treated as black boxes.

In recent years, significant advancements have been made
in designing monitoring algorithms for various types of
formal specifications, such as Linear Temporal Logic (LTL)
[11], Metric Temporal Logic (MTL) [9], [10], and Signal
Temporal Logic (STL) [8], [27]. Among these, STL has
become one of the most widely used formal specifications
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for CPS due to its ability to characterize complex spatio-
temporal constraints in real-valued, real-time physical sig-
nals. Monitoring algorithms can be further categorized into
offline monitoring [12], [10] and online monitoring [9], [8],
depending on the information available to the monitor. In
the offline setting, the monitor evaluates the correctness of
a system using the entire trajectory. However, this approach
is unsuitable for systems operating in real time, where only
the signal generated up to the current moment is accessible.
In contrast, online monitoring algorithms must account for
all possible future behaviors to issue early warnings or
terminate processes before a specification violation occurs.
As a result, online monitoring is widely adopted in safety-
critical systems as a predictive add-on component to ensure
operational safety.

Due to the physical dynamics of the system, online signals
are not arbitrary in general but follow underlying rules.
By leveraging information about system behavior, we can
better reason about the feasibility or likelihood of future
signals, enabling more precise monitoring decisions [1]. To
this end, predictive monitoring has recently emerged for
systems with either an explicit model or a large dataset
of operational history. For example, in [20], [17], [24],
[19], neural networks trained on historical data are used
to predict future signals in order to improve monitoring
accuracy. However, since these approaches adopt a data-
driven methodology, their predictions may be unreliable.
To address this, uncertainty quantification techniques, such
as conformal predictions, are often employed to ensure
prediction confidence [5], [15], [28]. While effective, these
methods may introduce additional conservatism into the final
monitoring results.

More recently, by leveraging the explicit system model
of the underlying dynamical system, a new framework
called model-predictive monitoring has been proposed in
[26]. This approach further improves monitoring accuracy
when a precise system model is available. By integrating
offline reachability computations with online satisfaction
evaluation, it achieves an effective balance between com-
putational complexity and accuracy. In [22], a self-triggered
information acquisition mechanism is introduced for model-
predictive monitoring to reduce state-sampling overhead.
However, existing model-predictive monitoring algorithms
remain limited to a simple fragment of STL specifications
and nested temporal operators, e.g., “eventually always stays
in a region”, are currently unsupported.

In this work, we investigate the design of model-predictive
online monitors for signal temporal logic specifications. Un-



like existing approaches, we consider a general fragment of
STL that permits nested temporal operators. This nested set-
ting introduces fundamental challenges beyond prior works,
which track STL formula progress using an index set of
remaining formulae. However, this approach fails under
nested temporal constraints due to dependencies between
operators. To address this, we propose to use syntax trees
[13], [25], [7] to resolve temporal operator dependencies,
and use basic satisfaction vectors as dynamically updated
key information during online monitoring. Our algorithm
leverages these vectors, updated recursively in real time,
along with pre-computed safety regions derived from offline
model analysis. This framework successfully extends model-
predictive monitoring to general STL specifications. Case
studies are also provided to demonstrate the effectiveness
of our approach.

The remainder of the paper is organized as follows. In
Section we first present some basic preliminaries. The
model-predictive monitoring problem is then formulated in
Section[ITl] In Section[[V] we present the syntax tree structure
and show how to store the progress of nested STL formulae
using basic satisfaction vectors. The main online monitoring
algorithm is provided in Section where the offline pre-
computation of satisfaction regions is also discussed. The
proposed results are illustrated by case studied in Section [V1}
Finally, we conclude the paper in Section

II. PRELIMINARY
A. System Model
We consider a discrete-time control system of form

Tpy1 = f(@p, uk), (D

where z;, € X C R”™ denotes the system state at time instant
k € Z>o, ur, € U C R™ represents the control input at time
instant k£ and f : X x Y — X is the dynamic function of
the system, assumed to be continuous in X x /. We assume
that the state space X and input space U are both bounded
due to physical constraints.

Suppose that the system state is x; at time instant
k. Then given a sequence of control inputs up.r_1 =
UpUpyr - . up—1 € UTF, the corresponding state trajectory
generated by the system is defined as &;(zg, up.r—1) =
Xk4+1:T = Thyl...XT € XT=F where each subsequent
state satisfies the recursive relation z; 1 = f(x;,u;) for all
i=k,...,T—1.

B. Signal Temporal Logic

We adopt Signal Temporal Logic (STL) as the formal
specification language to evaluate trajectory correctness. The
syntax of STL formulae is recursively defined as:

Qu=T 7] 2@ | Dy A Dy | & U, Do,

where T is the frue predicate and 7* is an atomic predicate
whose truth value is determined by the sign of its underlying
predicate function p : R™ — R. Specifically, an atomic
predicate 7 is true at state xy when pu(xy) > 0; otherwise
it is false. Operators — and A are the standard Boolean

operators “negation” and “conjunction”, respectively. One
can further use them to induce other operators such as
“disjunction” &1 V ®y := —=(—=®P; A =P5) and “implication”
P = Py = 2D V Do U[a7b] is the temporal operator
“until”, where a,b € Z>( are two integers with a < b. Note
that, since we consider discrete-time setting, [a, b] is the set
of all integers between a and b including themselves.

Let x = zox; ... be a state sequence, k € Z>( be a time
instant and ® be an STL formula. We denote by (x, k) E ®
if sequence x satisfies STL formula ® at time instant k. The
reader is referred to [18] for more details on the semantics of
STL formulae. Particularly, for atomic predicates,, we have
(x,k) = m# iff p(xy) > 0, ie., p(xy) is non-negative for
the current state xj, and for temporal operators, we have
(x,k) = ®1U|, P2 iff there exists &’ € [k + a, k + b] such
that

(x,K') = @2 A (VE" € [k, K][(x, K") = @],

i.e., @5 will eventually be satisfied at some instant between
[k +a, k+b] and ®; holds consistently before then. Further-
more, we can also induce temporal operators:
o “eventually” F,,)® := TU|,® such that it holds
when (x, k) = @ for some k' € [k + a, k + b];
o “always” G p® := —F[, 5~® such that it holds when
(x,k) = @ for any k' € [k + a,k + D).
We write x = ® whenever (x,0) = ®. We assume that
the operation horizon 7' is sufficiently long to evaluate the
satisfaction of ®.

III. PROBLEM FORMULATION
A. Fragment of STL Formulae

In this paper, we consider the following slightly restricted
fragments of STL formulae

(p;;:T‘ﬂ'”|ﬁ<p|(p1/\(p2 (2a)
D u=Fo P | Giop® | P1U 5 P2 | P1 APy | 0. (2b)

Note that, compared to the full fragment of STL, we require
that negation can only be applied to Boolean operators.
Therefore, the overall STL formula considered is the con-
junction of a set of sub-formulae in which nested temporal
operators can be applied to an arbitrary Boolean formula.

For technical purposes, we introduce a new temporal
operator U’, defined by: (x, k) |E <I>1Ufa}b]<1>2 iff there exists
k' € [k + a, k + b] such that

(x, k') |= @y A (VK" € [k + a, K'])[(x, k") |= ®1].

Compared to the original definition of “until,” the key
difference is that the effective horizon of Uy, is [0, 0],
while the effective horizon of UE ap) 1 [a, b]. Throughout
this paper, we will refer to U’[mb] as the “until” operator.
This replacement is primarily technical and does not lose

generality, as the standard U can always be expressed as
(X7 k) ': ‘I)lU[a,b]q)Q =4 (X, k) ': ((blUfa,b]q)Z)/\(G[O,a](bl)-

Recall that for the predicate 7* in (2a), its satisfaction
region, denoted by H*, is the solution to the inequality



u(x) > 0, ie., H* = {x € X | u(x) > 0}. For other
Boolean operators, we have H™¥ = X'\ H¥ and HP1\¥2 =
HP*NH*2. Therefore, instead of writing ¢, we will hereafter
simply denote it as € H* or x € H, using its satisfaction
region.

Additionally, while we consider the temporal operator
“eventually” (F') in the semantics, it is subsumed by “until”
(U’) since F, 3 ® can be expressed as = € XU’[mb](I). Thus,
we only need to handle the temporal operators G and U’
from a technical standpoint.

Based on the above discussion, the STL formula ® in @I)
can be equivalently expressed as:

P = G[atb]q) | ¢1U1a7b]¢)2 I P A Dy ‘ reEH 3)

B. Online Monitoring of STL

At time instant £ < 7T, the system only generates a partial
signal x¢.x = 221 ...z (called a prefix) and the remaining
signals xj41.7 (called suffix) will only be available in the
future. Therefore, we a partial signal x.;, we denote by

o X0k = @ if Vxpprr € X7 xoupXpprr E P

o X0 P @ if Vxpprr € XT7F: xouXpyrr P

o Xo:; =7 @ otherwise.

Note that the above partial signal evaluation does not
account for system dynamics. In other words, some suffixes
in x5, 1.7 € XT7% may be dynamically infeasible. Thus,
in the context of model-predictive monitoring, we further
classify a prefix signal xq.;; as

o violated if, for any control input ug.r_1, we have

XO:kgf(xka uk:T—l) % d;
« feasible if, for some control input ug.p_1, we have
x0:6€ s (Th, Upr—1) = .
Intuitively, a prefix signal is violated when either the current
state already violates the specification or when all possible
future trajectories will violate it inevitably. For instance,
consider a safety specification G 7z € H. If the system
reaches any state x; ¢ H for k& < T, this immediately
constitutes a violation. More subtly, even when the current
state satisfies the predicate, the prefix is violated if from state
z, there exists no control sequence uy.r—1 that can generate
a trajectory &y(xx,ur:r—1) remaining entirely within #
throughout the remaining horizon. This mirrors real-world
scenarios such as a vehicle approaching an obstacle at
excessive speed. Even before physical collision occurs, the
system is already violated because no braking action can
prevent the impending violation given the current velocity
and distance.

Problem 1 (Model-Predictive Online Monitoring). Given
a system with dynamic in (I)) and an STL formula ®, design
an online monitor

M : X" = {vio, feas} 4)

such that, for any prefix xg., € X*, we have
o M(x0.x) = vio iff xg. is violated;
o M(x0.1) = feas iff xq.; is feasible.

IV. TREE OF NESTED STL FORMULAE

The main challenge in handling STL formulae with nested
temporal operators lies in the dependency between inner
and outer operators. For instance, consider the STL formula
Gia1,611F [a2,b5)%- This formula requires that the inner for-
mula F (g, 1,¢ must be satisfied for all time instants between
a1 and by. Specifically, starting from any time instant within
[a1,b1], the system should satisfy ¢ within the interval
[az, bs] from that point onward. Consequently, evaluating the
correctness of a trajectory requires a total horizon of by + bs.
To address this dependency clearly, we introduce the concept
of syntax tree and the notion of satisfaction vector. These
tools help systematically resolve the dependencies between
nested temporal operators.

A. Syntax Trees for STL formulae

Hereafter, we will equivalently represent an STL formula
by a rooted tree, which is a 4-tuple

T = (Va La Eavroot)a

where:

o V=A{v1,v9,...,u} is the set of nodes;

o L ={l,r L} is alabel set, where [ and r denote “left”
and “right”, respectively, and | denotes “no order”;

e I C V x L xV is the set of edges, where each
(v,€,v") € E indicates that v is a child node of v,
and is specifically a left or right child if { =l or £ =r,
respectively;

e Uroot € V is the unique root node with no parent.
Clearly, a rooted tree induces a partial order < on V, where
v/ < v iff v is an ancestor of v’. For each node v, we
denote by child(v) = {+' | 3¢ € L : (v,¢,v") € E} the
set of its children. Additionally, we denote by child-I(v) and
child-r(v) the left and right child of v, respectively, if they
exist.

In order to represent an STL formula as a tree, we
introduce the following four types of nodes:

e H-nodes: Each node represents a satisfaction region of

a Boolean formula. Such nodes have no children, as
Boolean formulae are always at the innermost level of
the entire formula.

e A-nodes: Each node represents the Boolean operator
“conjunction” and has two or more unordered children.
These nodes are evaluated instantly, meaning there is
no time interval associated with them.

o G-nodes: Each node represents the temporal operator
“always” and has exactly one child. Such nodes are
associated with a time interval that determines the
evaluation period of their descendants.

e U’-nodes: Each node represents the temporal operator
“until” and has both a left and a right child. These nodes
are also associated with a time interval that determines
the evaluation period of their descendants.

Now, we are ready to formally define the syntax tree.

Definition 1 (Syntax Trees). Let & be an STL formula
defined by syntax in (3)). The syntax tree of STL formula P,



denoted by 7o = (Va, L, Ep, Uroot,d ), is defined recursively
as follows:

o If® =P ADA---AD,,, then Vg = (U, Vg, )U{vA},
Ee = (U?:IEqH) U {(’U/\, J—avroot,¢1‘,) ‘ i=1,... ,TL},
and Vroor, = VA , Where v, is a new A-node that does
not exist in each Tg,;

o If & = G[a’b]q)/, then Vo = Vo U{vg}, Eo = Eg U
{(va, L, Vrot,07)}, and Voo, = V@, Where vg is a
new G-node does not exist in T¢/ and it is associated
with time interval [a, b];

o If & = (PIU/[a,b](I)% then Vo = Vq;l U Vq>2 @] {’UU/},
Ep = E<1>1 U E@g U {('UG7 [ Urool,<1>1)7 (UG7 T, Ur00t7q>2)}7
and Vreor,» = vur , Where vy is a new U’-node does
not exist in 73, or Ts,, and it is also associated with
time interval [a, b];

o If ® =2 € H, then T3 only contains a single H-node
associated with predicate x € H.

For each node v € Vg, we denote by [a”, b"] its associated
time interval, with ¢V = b¥ = 0 when v is a A-node or an
‘H-node. Also, for each H-node v € V3, we denote by H"
the associated predicate region. Hereafter, we will omit the
subscript ® and refer to T = (V, L, E, v;00t) as the syntax
tree of the formula & when the context is clear. For x €
{N, G, U’ H}, we denote by V, C V the set of all x-nodes
in 7. Furthermore, let

V= {vl,vg,...,vm},

and we assume that all 7-nodes are ordered as the first h > 1
elements, i.e., V33 = {v1,..., 05}

B. Satisfaction Vector

As discussed, for each node v € V in the syntax
tree, it evaluates its descendants nodes within the time
interval [a”,b"]. Note that this interval is relative to the
local perspective, as v may have ancestor nodes in the tree
corresponding to outer operators whose time intervals also
apply to v. Therefore, to determine the absolute time interval
for evaluating node v from a global perspective, one must
consider the local time intervals of all its ancestors.

Formally, for each node v € V, we denote by ances(v) =
{v € V | v < v'} the set of all its ancestors. This set
includes all nodes on the unique path from the root node to
v in T, excluding v itself. Based on this, we introduce the
following definition of evaluation horizon.

Definition 2 (Evaluation Horizons). Let 7 be the syntax
tree of STL formula & and v € V be a node. Then the
evaluation horizon of node v is defined by

[imv’ end”] = [Zu’eances(v) a’ ’Zv’eances(v) b ]
For example, consider the following STL formula
b = ((G[Lg]J? IS 7’[1)U/[2)5]$ S HQ)/\(G’[&?]J: € Hs). 5)

Its syntax tree 7 is shown in Fig. [I} For H node w1, its
evaluation horizon is [int"?,end”'] = [2+1=3,5+3 = 8.

Therefore, for each time instant ¢ € [int”,end”], it is
meaningful to discuss the satisfaction status of node v. In

G Ho Hs

Hy

Fig. 1: Syntax Tree of STL formula (3)

general, there are three possible satisfaction statuses for a
node: (i) satisfied, denoted by “1”; (ii) violated, denoted
by “0”; and (iii) uncertain, denoted by “?”. The last case
arises when there is insufficient information to evaluate the
node. For example, consider the formula Gig,12jz € H. If
the current time instant is k = &, then the satisfaction status
of the H-node for ¢ = 10,11,12 is uncertain because the
evaluation horizon of the H-node has not yet been reached.
However, if at time instant k = 10, the current state x;, falls
within the region H, then the satisfaction status of the H-
node at ¢t = 10 becomes 1. However, the satisfaction status
for future instants ¢ = 11, 12 remains uncertain.

To capture this, we define the satisfaction status for each
time instant within the evaluation horizon of a node as the
satisfaction vector, as follows.

Definition 3 (Satisfaction Vectors). Let 7 be the syntax
tree of STL formula ® and v € V be a node with evaluation
horizon [int”, end”]. Then a satisfaction vector of node v is a
vector of form

v = (tfint"], ofint” +1],....,2[end"]) € {0, 1,7},

where H = end” — int” + 1 is the length of its evaluation
horizon and [t],t = int”, ... end” denotes its ¢-th element.

In the above definition, we count the first element of 2
starting from ¢[int”] rather than :[1] to align with the absolute
time instant from the perspective of the root node. This
ensures consistency between the indexing of the satisfaction
vector and the actual time instants being evaluated.

For each node, its satisfaction vector is essentially de-
termined by the vectors of its children nodes. Through an
inductive argument based on the tree structure, once the
satisfaction vector of each H-node is known, we can compute
the satisfaction vectors of all non-leaf nodes. Therefore, we
refer to the satisfaction vector of an H-node as a basic vector,
as it serves as the foundation for inducing vectors for other
nodes. This leads to the following definitions.

Definition 4 (Basic Vectors). A basic set of satisfaction
vectors is a tuple of satisfaction vectors of the form

I=(",...,2") e {0,1,7 x ... x {0,1,7} 1",



where V3 = {v1,...,v,} is the set of all H-nodes and for
eachi=1,...,h, H; = end”" —int”" 41 represents the length
of the evaluation horizon of v;.

Hereafter, we will maintain basic vectors as time-updated
information. For each time instant £ = 0,1,...,7, a basic
set I, = (1, ...,2,") must satisfy the following condition
for each v € V3y and t = int’, ..., end":

o If t >k, then ¢} [t]= ? (unknown status for futures); and

o If t <k, then ¢}[t]# 7 (determined status for pasts).

This reflects the constraint that satisfaction status cannot be
evaluated for future time instants, while for past instants the
status must be resolved to either O (violated) or 1 (satisfied).
We denote by Z; the set of all potential basic vectors at
instant k satisfying the above two constraints.

Definition 5 (Induced Vectors). Given a basic set of
satisfaction vectors I = (:"1,...,1""), the induced set of
satisfaction vectors for the remaining nodes, denoted by

It = (a1 ... 2Ym), is defined recursively by: for each
v € {Vht1,...,Um}, we have
o If v € V,, then for each t = int",...,end”, we have
0 if 30" e child(v) : ' [t] =0
Pll=4 1 if Vo’ echild(v) ;2 [t] = 1
? otherwise

o If v € Vg, then for each t = int”,...,end”, we have

0 if 3t e a’,b") 0 [t+1]=0
=01 iV e fat bt [t =1
? otherwise

where v’ is the unique child node of v.

o If v € Vs, then for each ¢ = int”,...,end”, we have

(V' € [a”,0°]) (" [t + '] =0)

0 or
[(W [a?, b¥] = 2vr [t +t}1)]

ot = Bt elat, )t +1]=0)]

R L S e
(Vt"€la”, V'] (" [t + "] =1)

? otherwise

where v; and v, denotes the left and right child nodes
of v, respectively.

The intuition behind the above definition is essentially
a reinterpretation of the semantics of STL formulae. Note
that the induced vectors are well-defined because all nodes
are ordered in the tree structure, where the basic vectors
representing H-nodes are leaves in the tree with no children.
Therefore, given a basic set of satisfaction vectors, one can
compute its induced vectors in a bottom-up manner, starting
from the leaf nodes and progressing to the root node.

V. ONLINE MONITORING ALGORITHMS

A. Evolution of Basic Vectors

In order to track the progress of the STL formulae without
storing the entire state trajectory, our approach is to maintain

only the basic satisfaction vectors and update them recur-
sively upon observing the new system state at each time
instant. This recursive computation proceeds as follows:

« Initialization: At time instant & = 0, prior to observing
any system state, the initial basic set is defined as:

Ip = (39", 00% - - -
where each 30" = (?,7,...,7) is a vector with all entries
initialized to the uncertain status “?”. This reflects
complete uncertainty about future satisfaction before
any state observations are made.

e Online Update: At time instant k, given the current
basic satisfaction vector set I, = (z;',...,2."), the
update upon observing a new state xj, is defined as:

%0"),

Iy = (sz_l, . ,sz_l) = update(Iy, zy),

where for each v; € {v1,...,vx} and t € [intVi, end"i],
the updated satisfaction vector entry is:

(] if t#k,
ZZLW =<0 ift=kAaxp & H, (6)
1 ift=kAx, € H.

Therefore, the uncertain status ”?” in the basic vectors
is resolved at time k based on the observed state x.

Let xg.x—1 = xoT1 ...TE—1 be a state sequence of length
k. We denote by I(xq.x—1) the basic set of satisfaction
vectors reached recursively by the state sequence Xg.x—1
from Ij. On the other hand, for any basic set I, we define
the set of state sequences of length k consistent with I as

Xpp_1 = {Xon—1 € X¥ | I(x0-1) = I}.

The following result demonstrates that the recursive compu-
tation of the basic set above indeed captures all task-relevant
information from the complete state trajectory.

Proposition 1. Let I be a basic set and k£ be a time instant.
/ " I o

F(?r any two sequences X, _1,Xg.p_1 € X.,_1 consistent

with I, and any future sequence Xp.;r = TxTpy1 - - T, WE

have

Xop_1Xk1 E P @)

Proof: Due to space constraint, all proofs in the paper
are omitted and they are available in the supplementary
materials https://xiangyin.sjtu.edu.cn/25CDC-STL.pdf

X/O:k—lxk:T ': e <

Based on the above result, it is meaningful to write
I
Xoh1 X1 = P ®)

whenever x{., X7 = ® holds for some (or equivalently,
for all, due to Proposition ' X0.go_1 € X 1-

Given a basic set of satisfaction vectors I, its induced set
of satisfaction vectors is defined as It = (s%h+1 ... 4¥m),
We call the satisfaction vector corresponding to the root
node v in It the root satisfaction vector, denoted by
root

Pt € I'". With lose of generality, we assume that the root
node is always a A-node, whose evaluation horizon is [0, 0].


https://xiangyin.sjtu.edu.cn/25CDC-STL.pdf

The following result demonstrates that this root vector fully
captures the satisfaction status of the entire STL formula.

Proposition 2. For any state sequence Xg.;, we have
xor EF® & er"(‘;EO:k)[O] =1. )

For simplicity, we will write z}"&ozk) = 0,1,? whenever

lrfo((;iok) [0] = 0,1, 7 as the root vector only has one element.

B. Model-Predictive Monitor

By recursively maintaining the basic set I, = I(X0.x—1)s
we can draw the following conclusions about the current
status of the entire specification formula:

o If er‘:" = 0, the specification has been violated, and the

monitor should output M (x¢.x—1) = vio;

o If 2P = 1, the specification has been satisfied, and no

further monitoring is required.
These conclusions are independent of the system dynamics,
as the satisfaction status is fully determined in these cases.
However, when z}‘:" =7, both vio and feas remain possible
outcomes, requiring analysis of the system dynamics. This
leads to the following key definition.

Definition 6 (/-Determined Feasible Sets). Let ® be an
STL formula, k € [0,7] be a time instant and I be a basic
set. Then the I-determined feasible set at instant k, denoted
by X ,g C X, is the set of states from which there exists a
solution ug.7—; that satisfies ¢ given the current basic set
I, 1e.,

Juy 1€ UTF } (10)

s.t. xé:k_lxkff(xk,uk:q«,l) Eo

Based on the above notion, now we present our main
online monitoring algorithm as shown in Algorithm 1. The
algorithm initializes with the time instant £k = 0 and the
initial basic set I = Iy (line 1). The monitoring process
iterates as long as the STL formula remains unresolved (line
2). At each iteration, the current state xj; is read (line 3)
and checked against the feasible set X/. If ), & X/, the
algorithm immediately terminates with a violation decision
(lines 4-6). Otherwise, the monitoring decision is set to
M = feas, and the basic set [ is recursively updated by
update(],zy) (lines 7-9). The time instant is then increased
(line 10), and the loop continues until either a violation is
detected or the STL formula is satisfied.

The correctness of Algorithm is established as follows.

X,g—{xkex

Theorem 1. The online monitor M defined by Algorithm 1
indeed solves Problem 1.

C. Offline Computation of Feasible Sets

The proposed online monitoring algorithm utilizes pre-
computed all feasible sets X} at each time instant. This
subsection details the offline computation of these sets.

Note that, at each time instant k£, we only need to consider
those basic vectors for which the entire STL formula ¢ has
not been violated. Therefore, we define

I = {I € 7y ‘ ZrIUOt 7é 0}

Algorithm 1: Online Monitoring algorithm

Input: Feasible sets X/ computed offline
Output: Online monitoring decision M (x¢.)
1k« 0,1« 1
2 while /7" # 1 do
3 observe a new current state x

4 | if 2, ¢ X/ then

5 M issues “vio”

6 return “® is violated”
7 else

8 M issues “feas”
9 I + update(I, zy)

10 ¥kek—|—1

the set of feasible basic vectors at time instant k.
Furthermore, the basic vector set cannot be updated arbi-
trarily in the next time instant as it should be consistent with

the existing history. Therefore, let I = (+1,...,2"") € I be
a basic vector set for time instant k and I, = (3¥,...,10") €

I;+1 be a basic vector set for time instant k + 1. We say
I, € [;41 is a successor basic set of I € [ at instant & if
Yo € Vi, Vt € [int”, min(k — 1,end”)] : 2" [t] = 22 [t].

S

We denote by succ(l,k) C I4q the set of all successor
basic sets of I at instant k. Moreover, when the basic set
evolves from I to [, at instant k, it must reach a state xz
consistent to the update rule. We define the region that xj
needs to be in as consistent region.

Definition 7 (Consistent Regions). Let I = (:¥1,... ") €
I, be a basic vector at instant k, and Iy = (22*,...,10") €
succ([, k) be a successor basic set of I. In order to trigger
the evolution of the basic set from I to I, at instant %, the
system should be in the consistent region Hy (I, I,), which

is defined by

h
Hy(1,1,) = () Hiks (11)
i=1
where
X\ HY ifVik] =0
H;;, = HY if 2ifk] =1
X if k£ > end” or k < int¥

Finally, in order to ensure that the prefix signal is always
feasible, the feasible set X ,ﬁ needs to be able to reach region
X 1511 in one step. This is formalized by the one-step feasible
set defined as follows.

Definition 8 (One-Step Feasible Set). Let S C X" be a set
of states representing the “target region”. Then the one-step
feasible set of S is defined by

TS)={zeX|Iuelst f(z,u) € S}.

We define X;, = {X{ | I € I} as the set of all feasible
sets for instant k. Then our offline objective is to compute
all possible Xg,X;,..., X7, which are used as a look-up

12)



Algorithm 2: Offline Computations of Feasible Sets

Input: STL formula ®
Output: All potential sets {Xj, : k € [0,77]}
1 for k € [0,T] do

2 L Xk — @

3 for I €y do

s | XL, <R

s k< T

¢ while k£ > 0 do

7 for I €1 do

8 if #°" =1 then
) | X[ R"
10 else

1 L Xlg%Uls€succ(l,k)(Hk(I7IS)ﬁT(XI£11)>
12 X +— X U {Xlg}
1B | k«k-1

table during the online monitoring process. In terms of our
computation of feasible regions, if the system is evolving
from I to I and maintains the satisfiability of I, from instant
k + 1, then we know that the system should be in region
Hi(I,I) N T(X,f,ll) at instant k. However, the basic set
I, for the next instant depends on the current state of the
system. Therefore, to compute X I we need to consider all
possible successor sets I € succ([, k), and take the union of
these regions. This is formalized by the following equation

xi= U

Is€succ(l,k)

(Hk(I,IS) N T(X,fjH)) . (13)

Based on the above equation, we compute all feasible
sets across the entire horizon using a backward recursion
procedure, as formalized in Algorithm 2. The algorithm
initializes by setting the terminal feasible set X7, 11 &
R™ for all I € Ir4; (lines 3—4). The recursion proceeds
backward in time from k£ =T to k = 0. If the STL formula
is already satisfied (i.e., ¢?°" = 1), then set X,g +— R™ At
each time step k, the feasible set X/ is computed for every
basic set I € I through two operations:

o Intersection with Hy(I, I;) and T(X,g;l), and
« Union over all successor sets I, € succ(], k) to ensure
completeness.

The resulting sets are aggregated into X, which captures all
feasible states at time k (lines 5-13).

VI. CASE STUDIES FOR ONLINE MONITORING

In this section, we illustrate our online monitoring algo-
rithm with two cases. We implemented the above methods
in Python languageﬂ

10ur codes are available at https://github.com/sjtu-hantao/
MPM4STLnested, where more details on the computations can be found.

204
—— feasible signal

104 —— violated signal
X%

Temperature

0 1 2 3 a 5 6 7 8 9 10 11 12 13 14 15

Instants

Fig. 2: Two trajectories temperature control system.

A. Building Temperatures

We consider the problem of monitoring the temperature
of a single zone building whose dynamic is [14]

Tpr1 = Tg + Ts(e(Te — ) + ag (Th — z)ug),

where x, € X = [0,45] is the zone temperature (°C) at
step k, ur, € U = [0,1] is the heater valve’s normalized
position, and 7, = 1 min is the sampling interval. The
model parameters include the heater temperature 75, = 55°C,
ambient temperature 7, = 0°C, and heat transfer coefficients
ae = 0.06 (environmental) and ay = 0.08 (heater).

The temperature control system aims to maintain the zone
temperature within the comfortable range of 20°C-25°C
at all times, ensuring that any temperature deviation is
corrected within 5 minutes during any 10-minute window.
This requirement can be specified using the STL formula:

¢ = Gyo,10/(Fpo,52 € [20,25]).

Fig. [2| presents two temperature trajectories that are identical
until time step £ = 13. For the black signal, the condition
T13 € X{3 holds, indicating that the control task remains
feasible. However, for the red signal, x135 ¢ XlIg, which
means the specification will inevitably be violated. That
is, no control input exists that could bring the temperature
within the required range within the specified time window.

B. Autonomous Robots

We consider a simple autonomous robot whose dynamic
model is given as follows

1 0 75 0
xk+1:|:0 1}%-#{0 T}um

where state x, € X = [0,12] x [0, 12] denotes the position
of the robot at instant k, control input ux, € U = [—1,1] x
[—1, 1] is the speed of the robot, and 7, = 1s is the sampling
time.

The objective of the robot is to patrol both region A; and
region As in 6 seconds and stay in A, for at least 2 seconds.
This task can be described by the following STL formula

® =TF9,6)41 A Fo,6/(Gpo,g42),

where A; = (x€[3,5]) A (y€[3,5]) and Ay = (z€[6,8]) A
(yel6,8]).


https://github.com/sjtu-hantao/MPM4STLnested
https://github.com/sjtu-hantao/MPM4STLnested
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Fig. 3: Two trajectories that violate at different instants.

Let us consider two trajectories of the robot shown in
Fig. 3] For the sake of clarity, in each figure, we only draw
one feasible set at a certain instant. In the left figure, since
xo € X 6’ , the monitor can claim initially that the task cannot
be satisfied as it is too far away from the target regions. In the
right figure, for k£ = 0,1, 2, 3, the trajectory stays within the
feasible region and the monitor issues “feas”. Yet, we have
Ty & Xi. Therefore, the monitor issues “vio” at k = 4.

VII. CONCLUSIONS

In this paper, we present a new model-based online moni-
toring algorithm for signal temporal logic specifications with
nested temporal operators. Our approach utilizes the syntax
tree as the fundamental information structure to characterize
and dynamically update all relevant information for STL
task progression. The online monitoring process is highly
efficient as it requires only basic set updates and membership
checks. While implemented in an offline manner, the feasible
set computation remains challenging for highly nonlinear
systems with long time horizons. In the future, we plan
to enhance the framework by developing more efficient set
representation techniques to optimize the offline computation
of feasible sets.
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Let v € V be a node in tree 7. The sub-tree induced from
node v is a new rooted tree 7V = (V', L, E', v}, ), where
VI ={v € V| v < v} is the set of descendants of v
including itself, £’ C V' x L x V"’ is the restriction of E
onto V', and v, = v is the root of the sub-tree.

Let ® be an STL formula and 7Tg be its syntax tree. The
induced sub-tree from any node v € Vg is also a syntax tree
We use TV to denote the subtree with v as the root node.
The subtree 7" represents a subformula ®¥ of the original
STL formula .

To prove Proposition 1 and Proposition 2, we prove
Proposition 3 at first. Then we use Proposition 3 to prove
Proposition 2 and prove Proposition 1 at last.

Proposition 3. For any state sequence xg.; and subformula
®Y we have

(x0:k,t) E @Y &

Proof: Prove this proposition recursively by mathemat-
ical induction. For the case of leaf node ®* =z € H:
=: When (xo., t) | ®", there must be x; € H. According
to (), zl(ka [t] = 1.
<: When 7, ol =
(%0, t) E DV.
The proposition holds for leaf nodes. Assuming it always
holds for child nodes, now prove the case of other nodes.
1) &Y = dU1 APY2 A--- A DVn:
=: When (x0.x,t) | @Y, there must be (Xg.x,t) =
@1@M,H:@h“w@M¢H:@QSoW§e
child(v ) zl(x ] = 1. Then o7, [t] = 1 according
to Definiton
<«: Reverse the proof of =-.
2) @Y = G @
=: When (xg.x, ) = @, there must be V¢’
b], (0.1, ') = ®V°. So Vt’
1. So V¢ € child(v), Zl(x
1 according to Definiton
& Reverse the proof of =.
3) v = v UI[ b](I)v :
=: When (xo.x, t) = P, there must be 3¢’
b, (xox, ') = @ ie. 1
a,t'] such that (xo., ") = &V ie. ﬁéx )
S0 17y, [t] = 1 according to Deﬁniton
<: Reverse the proof of =-.
According to the above, we prove (xo.x,t) E @Y <

ZF(XM) [t] = 1.

Z?(XO:I@) [t] =1.

1, which also means xz; € H. So

€ [t+a, t+
€ [t+a,t+b],17 ., [t =
)[ ] = 1. Thenaj [t] =

€ [t+a, t+
[t'] =1 and Vt" € [t+
0:k)

"] = 1.

Proposition 2. For any state sequence X ., we have
X0:k ': P 4 Zrlo((;zo k)[O] 1.

Proof: As a special case of Proposition |3} when v =
Uroot and t = 0, Xp.x = ¢ & Z}O(‘;Eolk)[O] = 1, which means
the root vector fully captures the satisfaction status of the

entire STL formula.

Proposition 1. Let I be a basic set and k be a time instant.
For any two sequences Xé):kfl?Xg:kfl S x(l):kf1 consistent

with I, and any future sequence Xp.7 = TxTpy1 - -
have

rT, WE

/ "
Xop1Xkr E @ & XgpXkr = O

Proof:  According to Proposition 2} we know that

/ Vroot —
Xpp1Xer E @ & ZI(XOklka)[O] = 1. For

I _
€ Xpp_1» We have I(x(,_ Xp7) =
So there must be 17;‘(";’(‘

XOk 1 X0k

1
I XO k—1Xk:T)- 1 XE:T) 0]
Umol

zI( . T)[O] = 1. Then due to Prop0s1t1on 2| we have
1%k

Xg, k71xk:T = ®. The proof above also holds in reverse. So
there is X{,.,_Xp1 = @ < X{. 11Xk = .
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