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Abstract— We investigate the control synthesis problem for
continuous-time control-affine systems under a class of multiple
reach-avoid (MRA) tasks. Specifically, the MRA task requires
the system to reach a series of target regions in a specified
order while satisfying state constraints between each pair of
target arrivals. This problem is more challenging than standard
reach-avoid tasks, as it requires considering the feasibility of
future reach-avoid tasks during the planning process. To solve
this problem, we define a series of value functions by solving
a cascade of time-varying reach-avoid problems characterized
by Hamilton-Jacobi variational inequalities. We prove that the
super-level set of the final value function computed is exactly
the feasible set of the MRA task. Additionally, we demonstrate
that the control law can be effectively synthesized by ensuring
the non-negativeness of the value functions over time. The
effectiveness of the proposed approach is illustrated through
two case studies on robot planning problems.

I. INTRODUCTION

Formal controller synthesis is a fundamental problem in
autonomous systems, including autonomous driving [1], mo-
bile robots [2], [3] and industrial manufacturing systems [4].
The objective is to algorithmically design a controller that
guarantees the satisfaction of a given specification. Over the
years, formal controller synthesis with provable guarantees
has been extensively studied for various system classes and
requirement types, resulting in a wide array of method-
ologies [5]–[7]. As autonomous systems grow increasingly
complex, ensuring their safe and efficient operation demands
computationally efficient synthesis techniques.

Among formal specifications, reachability is one of the
most fundamental tasks. It requires the system to reach a
target state either eventually or within a predefined time
horizon. In many applications, additional constraints are
imposed, such as avoiding obstacles or remaining within
the target region once reached. These tasks are referred to
as reach-avoid [8]–[13] or reach-avoid-stay problems [14]–
[16]. Particularly, reach-avoid tasks are not only important on
their own but also serve as fundamental building blocks for
more complex specifications. For example, in linear temporal
logic specifications, a system must sequentially reach specific
labeled regions according to automaton states in order to
satisfy desired temporal-spatial behavior [17].

In formal controller synthesis for reachability-based spec-
ifications, the key challenge lies in analyzing reachability
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based on system dynamics. This problem can be addressed
using Hamilton-Jacobi Reachability (HJR), which formu-
lates it as a Hamilton-Jacobi partial differential equation
(PDE) [18] and represents the set of interest as the level set
of the PDE solution. The HJR method provides a theoretical
foundation for synthesizing controllers for reachability [19]
and reach-avoid [9] tasks in dynamic systems under distur-
bances. In recent years, it has been applied to a wide range
of complex reach-avoid problems such as multiplayer reach-
avoid games [20] and multi-vehicle path planning [21].

In this paper, we address the control synthesis problem
for control-affine systems under a new class of tasks called
multiple reach-avoid (MRA) task. An MRA task requires
the system to reach a series of targets in a predefined
sequence while satisfying state constraints between each pair
of consecutive arrivals. This problem is more challenging
than standard reach-avoid tasks, as it necessitates ensuring
the feasibility of future reach-avoid sub-tasks during the
planning process. To solve this problem, we first prove that
the feasible set of the MRA task can be exactly characterized
as the super-level set of a specific function. This function is
computed by solving a sequence of time-varying reach-avoid
HJR problems, where the feasible set of future sub-tasks
is treated as a dynamic target. We then propose a control
synthesis procedure for MRA tasks by enforcing the non-
negativity of these value functions throughout the system’s
evolution. Finally, we demonstrate the effectiveness of our
method through two robot planning case studies.

Our work is related to solving control synthesis problems
under complex temporal requirements using HJR meth-
ods [22]–[26]. For instance, [22] computes the feasible sets
of signal temporal logic tasks by recursively handling each
temporal operator, while [23]–[26] introduce a temporal logic
tree structure to heuristically guide the feasible set com-
putation for linear temporal logic tasks. These approaches
employ heuristic algorithms to account for temporal task
dependencies, yielding only conservative approximations of
the feasible set. In contrast, our work provides an exact
functional representation of the proposed MRA task by
treating the feasible set of future sub-tasks as a time-
varying dynamic target. This approach offers new insights
into precisely characterizing complex temporal dependencies
through HJR methods.

II. PRELIMINARIES

Notations: We denote by R, R≥0 and Rn the set of all
real numbers, non-negative real numbers and n-dimensional
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real vectors, respectively. For a positive integer i, we define
[i] = {1, 2, . . . , i}.

A. System and trajectories
We consider a control-affine system described by

ẋ = f(x) + g(x)u, (1)

where x ∈ Rn is the system state, u ∈ U ⊆ Rm is the
control input with compact input space U , and f : Rn → Rn,
g : Rn → Rn×m are bounded and Lipschitz continuous.

The set of admissible control functions over the interval
[t0, t1] is defined as U[t0,t1] := {u : [t0, t1] → U |
u(·) is measurable}. For an initial state x ∈ Rn and time
t, under a control function u ∈ U[t,s], the system’s evolution
is determined by the unique continuous trajectory ξux,t :

[t, s]→ Rn satisfying ξux,t(t) = x and ξ̇ux,t(τ) = f(ξux,t(τ))+
g(ξux,t(τ))u(τ), a.e. τ ∈ [t, s], where a.e. (almost every-
where) means the differential equation holds except on a
set of Lebesgue measure zero.

B. Time-Varying Reachability
In a reach-avoid task, the system needs to reach a target

region while remaining within a safe region throughout its
trajectory. Formally, a (time-varying) reach-avoid task is
defined as a tuple (T ,G), where T ,G ⊆ Rn × [t0, t1] are
time-augmented sets representing the target region and the
safe region, respectively. For each ⋆ ∈ {T ,G} and time
instant t ∈ [t0, t1], we denote the state set at time t by
⋆(t) = {x ∈ Rn | (x, t) ∈ ⋆}. Given t0 ≤ t ≤ t1, the
feasible set of the reach-avoid task (T ,G) is defined as

RA(t, t1, T ,G) = (2){
x ∈ Rn

∣∣∣∣ ∃u ∈ U[t,t1], ∃s ∈ [t, t1], ξ
u
x,t(s) ∈ T (s),

∀s′ ∈ [t, s], ξux,t(s
′) ∈ G(s′)

}
.

For each ⋆ ∈ {T ,G}, we assume that there is Lipschitz
continuous function h⋆ : Rn × [t0, t1] → R such that
h⋆(x, t) ≥ 0 iff x ∈ ⋆(t). Then we define a value function
by: ∀x ∈ Rn, t ∈ [t0, t1], we have

hRA(x, t, hT , hG) = (3)

sup
u∈U[t,t1]

max
s∈[t,t1]

min

{
hT (ξ

u
x,t(s), s), min

s′∈[t,s]
hG(ξ

u
x,t(s

′), s′)

}
.

According to [9], we know that x ∈ RA(t, t1, T ,G)
iff hRA(x, t, hT , hG) ≥ 0. Moreover, the value function
hRA is the viscosity solution of following Hamilton-Jacobi
variational inequality (VI):

min

{
max

{
∂hRA(x,t)

∂t + Ham(x, t), hT (x, t)− hRA(x, t)
}
,

hG(x, t)− hRA(x, t)

}
= 0, (4)

where hRA(x, t1) = min{hT (x, t1), hG(x, t1)} is the bound-
ary condition and

Ham(x, t) = max
u∈U

∂hRA(x, t)

∂x
(f(x) + g(x)u). (5)

The reader is referred to [9] for more details on solving time-
varying reachability problem by HJR method.

III. PROBLEM FORMULATION

In this work, we introduce a new type of reach-avoid task
called the multiple reach-avoid (MRA) task. In an MRA task,
the system needs to visit a sequence of target regions in a
prescribed order while satisfying state constraints between
consecutive target arrivals.

Formally, let T = (T1, T2, . . . , TN ) and G =
(G1,G2, . . . ,GN ) denote sequences of N target regions and
N safe regions, respectively, where for each i ∈ [N ], the sets
satisfy Ti,Gi ⊆ Rn. Let t0, t1 ∈ [0, T ] represent the start
time and end time of the entire task. The multiple reach-
avoid task is then defined by the 4-tuple Φ = (t0, t1,T,G).
For simplicity, we denote an MRA task by Φ[t0,t1] when the
target and safe regions are clear from the context.

Given an initial state x0 ∈ Rn and a control function
u ∈ U[t0,t1], the generated trajectory ξux0,t0 is said to satisfy
the MRA task Φ[t0,t1], denoted by ξux0,t0 |= Φ[t0,t1], if there
exists a sequence of time instants t0 = τ0 ≤ τ1 ≤ τ2 ≤
· · · ≤ τN ≤ t1 such that[
∀i∈ [N ] : ξux0,t0(τi)∈Ti

]
∧
[
∀τ ∈ [τi−1, τi] : ξ

u
x0,t0(τ)∈Gi

]
.

The feasible set of the MRA task Φ is defined as

MRA(t0, t1,T,G)=
{
x∈Rn |∃u∈U[t0,t1], ξ

u
x,t0 |=Φ[t0,t1]

}
.

The MRA task control synthesis problem is stated as follow.
Problem 1 (MRA Control Synthesis Problem): Given

the control-affine system (1), an initial state x0 ∈ Rn, and
an MRA task Φ = (0, T,T,G):
(1) Decide whether x0 ∈ MRA(0, T,T,G).
(2) If feasible, synthesize a control function u ∈ U[0,T ] such

that the resulting trajectory ξux0,0 satisfies ξux0,0 |= Φ.
Remark 1: We conclude this section by discussing the

motivation behind the MRA task framework. From a theoret-
ical perspective, the MRA task represents a natural general-
ization of the standard reach-avoid problem. This extension
introduces significant new challenges, as it requires ensuring
the feasibility of future reach-avoid objectives during the
current planning phase. Such temporal dependency issue
does not exist in the single-target case. Furthermore, the
MRA task is closely related to control synthesis for high-
level specifications, such as Linear Temporal Logic (LTL)
tasks. For instance, given an LTL specification φ, we can
convert it into a finite-state automaton Aφ such that a system
trajectory satisfies φ if and only if it induces an accepting
state sequence in the automaton [27]. To achieve this, the
system must sequentially reach specific labeled regions,
which effectively reduces the problem to the proposed MRA
task. This connection suggests that MRA tasks serve as
a fundamental building block for solving more complex
temporal logic control synthesis problem.

IV. VALUE FUNCTION COMPUTATION

In this section, we adopt the HJR method to compute the
value function, whose super-level set represents the feasible
set of the MRA task Φ[0,T ]. If the initial state lies within
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this feasible set, then the value function will later be used
to ensure task satisfaction (as discussed in the next section).
Note that the standard HJR method computes the feasible set
only for a single reach-avoid task. We extend this approach
to the MRA task by treating the feasible set of future tasks
as a dynamic target. First, we assume that the target and
safe regions can be expressed in terms of value functions, as
formalized below.

Assumption 1: Let T = (T1, T2, . . . , TN ) and G =
(G1,G2, . . . ,GN ) be sequences of N (time-invariant) target
regions and safe regions, respectively, where Ti,Gi ⊆ Rn

for each i ∈ [N ]. For each i ∈ [N ], we assume there exist
Lipschitz continuous (with respect to x) functions

hTi , hGi : Rn → R

that characterize the target region Ti and safe region Gi,
respectively, such that:[

x ∈ Ti ⇔ hTi
(x) ≥ 0

]
∧

[
x ∈ Gi ⇔ hGi

(x) ≥ 0
]
. (6)

Our approach for computing the overall value function for
the MRA task consists of the following steps:
1) Initial Feasible Set Computation: First, we compute the

feasible set for a single-target reach-avoid task with target
function hTN

and safe function hGN
, leveraging existing

results from [9] (formally stated in Lemma 1).
2) Recursive Value Function Construction: Next, we com-

pute a new value function for a single-target reach-
avoid task by treating: (i) the value function from the
previous step and hTN−1

as a combined time-varying
target function, and (ii) hGN−1

as the safe function. This
value function represents the feasible set for first reaching
TN−1 and then TN , while remaining in GN−1 and GN
before arriving at TN−1 and TN , respectively. A formal
proof is provided in Proposition 1.

3) Iterative Extension to Full MRA Task: We repeat
the above step recursively, treating the value function
computed at each iteration as a time-varying target for
the next. The remaining target hTi and safe function hGi

(not yet considered) are incorporated as the new target
and safe regions, respectively. Upon including all targets,
the super-level set of the final value function yields the
feasible set of the MRA task, as proven in Theorem 1.

To formally establish our results, we define Ti =
(TN−i+1, . . . , TN ) as the sequence of the last i target sets,
i.e., T1 means that one only needs to achieve the last task
TN . Similarly, we define Gi = (GN−i+1, . . . ,GN ). Given an
MRA task Φ[0,T ] = (0, T,T,G), for any 0 ≤ t0 ≤ T , we
define the truncated MRA task as Φ

[t0,T ]
i = (t0, T,Ti,Gi),

which considers only the last i target and safe regions with
the start time shifted to t0.

We first directly use result in [9] to compute the feasible
set of the task Φ

[0,T ]
1 = (0, T,T1,G1).

Lemma 1: Let hΦ1

RA(x, t) be the viscosity solution of HJ-
VI in (4) for target function hΦ1

T and safe function hΦ1

G
defined by: for any(x, t) ∈ Rn × [0, T ], we have{

hΦ1

T (x, t) = hTN
(x)

hΦ1

G (x, t) = hGN
(x)

.

Then for any (x, t) ∈ Rn × [0, T ], it holds that

hΦ1

RA(x, t) ≥ 0 ⇔ (∃u ∈ U[t,T ])[ξ
u
x,t |= Φ

[t,T ]
1 ]. (7)

Next, we prove that the feasible set of MRA task Φi+1

can be computed by regarding the feasible set of Φi as an
additional time-varying target region.

Proposition 1: For each i ∈ [N−1], let hΦi

RA be a function
such that, for any (x, t) ∈ Rn × [0, T ], we have

hΦi

RA(x, t) ≥ 0⇔ ∃u ∈ U[t,T ], ξ
u
x,t |= Φ

[t,T ]
i .

Let hΦi+1

RA (x, t) be the viscosity solution of HJ-VI in (4) for
target function h

Φi+1

T and safe function h
Φi+1

G (x, t) defined
by: for any(x, t) ∈ Rn × [0, T ], we have{

h
Φi+1

T (x, t) = min{hTN−i
(x), hΦi

RA(x, t)}
h
Φi+1

G (x, t) = hGN−i
(x)

.

Then for any (x, t) ∈ Rn × [0, T ], it holds that

h
Φi+1

RA (x, t) ≥ 0 ⇔ (∃u ∈ U[t,T ])[ξ
u
x,t |= Φ

[t,T ]
i+1 ]. (8)

Based on Proposition 1, we immediately have the follow-
ing result for the feasible set of the entire MRA task.

Theorem 1: Let hΦN

RA (x, t) be the function satisfying (8).
Then we have

hΦN

RA (x, 0) ≥ 0⇔ x ∈ MRA(0, T,T,G). (9)

Remark 2: In fact, the result of Theorem 1 applies to
general nonlinear systems without requiring the control-
affine assumption. However, the control synthesis discussed
in the next section involves computing control inputs in real
time, which may become impractical for non-control-affine
systems. Thus, when focusing solely on the feasible set of
the MRA task, the system dynamics in (1) can be relaxed to
ẋ = f(x, u), where f : Rn×U → Rn is Lipschitz continuous
in x for a fixed u.

V. CONTROL SYNTHESIS PROCEDURE

Suppose that for the initial state x0 ∈ Rn, the MRA task
is feasible, i.e., x0 ∈ MRA(0, T,T,G). The objective of this
section is to show how to explicitly compute control function
u ∈ U[0,T ] such that ξux0,0 |= Φ[0,T ].

Before delving into technical details, we outline our
control synthesis procedure, presented in Algorithm 1. The
approach consists of the following key steps. First, in the
offline computation stage, we compute the value functions
hΦi

RA for each subtask Φi, where i = 1, 2, . . . , N . Then in
the online execution stage, suppose that the controller is
during the execution of the i-th reach-avoid task, it ensures
feasibility for subsequent tasks as follows:
• Current Functions Selection: The current value function

is set to b = h
ΦN−i+1

RA , which is the solution to HJ-VI
defined in Proposition 1 (Line 3). Then we obtain the
current target function hbT which is the dynamic target
function of HJ-VI computing the current value function b

(Line 4). When this target function value is non-negative,
the system is in target set and feasible set of future MRA
task.
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Algorithm 1: Control Synthesis Procedure

Input: Initial state x0 ∈ Rn and value functions hΦi

RA

for each i = 1, 2, . . . , N
1 x← x0, t← 0;
2 for i = 1, 2, . . . , N do
3 set current value function by

b(x, t)← h
ΦN−i+1

RA (x, t);
4 set current target function hbT (x, t) by (10);
5 set state-feedback control law ub(x, t) by (14);
6 while hbT (x, t) < 0 do
7 applied control input ub(x, t) and record new

state x and time t;

• Current Control Law Derivation: A time-varying state-
feedback control law ub(x, t) is derived from b, ensuring
b(x, t) remains non-negative over time.

• Termination and Transition: The control input ub(x, t)
is applied until hbT (x, t) ≥ 0, indicating the current target
is achieved and future task is feasible (Lines 6–7). Once
hbT (x, t) ≥ 0 is satisfied, the target index i is updated in
the for-loop, and the process repeats with the next value
function until all targets are successfully reached.

We first introduce the target function hbT in line 4. As
mentioned above, the current value function b is the solution
of one of HJ-VIs computed in last section. Then the current
target function hbT is the dynamic target function of this HJ-
VI. Specifically, for b = hΦi

RA and (x, t) ∈ Rn × [0, T ],

hbT (x, t) =

{
hTN−i+1

(x) if i = 1

min{hTN−i+1
(x), h

Φi−1

RA (x, t)} otherwise
.

(10)
Now we explain how to derive the state-feedback control

function ub in line 5. We require the assumption as below.
Assumption 2: The value function hΦi

RA is differentiable
over Rn × [0, T ] for i ∈ [N ].

Remark 3: When the value functions associated with tar-
get Ti and constraint Gi are Lipschitz continuous, the reach-
avoid value functions hΦi

RA(x, t) for i = 1, 2, . . . , N inherit
this Lipschitz continuity and are consequently differentiable
almost everywhere. In practical implementations where the
differential of b(x, t) may not exist at certain points, we
follow the approach in [28] by replacing the standard deriva-
tive in (11) with either: the superdifferential (for non-smooth
maximization problems), or the subdifferential (for non-
smooth minimization problems), as formally defined in [29,
Chapter 3.2.5]. This generalization enables practical control
synthesis even at non-differentiable points.

For any value function b : Rn × [0, T ]→ R, we define

Sb(x, t) ={
u ∈ U

∣∣∣∣ ∂b(x, t)∂x
(f(x) + g(x)u) +

∂b(x, t)

∂t
≥ 0

}
.

(11)

Clearly, if we apply control input from (11), then the time

derivative of b satisfies

ḃ(t) =
∂b(x, t)

∂x
(f(x) + g(x)u(t)) +

∂b(x, t)

∂t
≥ 0, (12)

meaning b never decreases over time. For technical purposes,
we further define the feasible control input set by

S̃b(x, t)=

{
Sb(x, t) if hbT (x, t) < b(x, t)
U otherwise . (13)

Now, let us consider the case when the current target value
function hbT is negative and the current value function b is
non-negative. We have the following two key observation:

• By adopting control input in Sb defined in (11), we can
ensure that the value of b never decreases over time.

• Furthermore, the current target function will be non-
negative at least at time T since we have hbT (x, T ) =
b(x, T )≥0 by boundary condition of HJ-VI.

By combining the above two observations together, we
know that the desired control objective, i.e., current target
is reached and future task is feasible, can be achieved by
adopting feasible control input set in Eq. (13). This intuition
above is formally stated as follow.

Proposition 2: Given current value function b and current
target function hbT , suppose that for t0 ∈ [0, T ] and x0 ∈ Rn,
we have b(x0, t0) ≥ 0 > hbT (x0, t0). Let ub : Rn× [0, T ]→
U be a function such that ub is Lipschitz continuous in x
and piecewise continuous in t, and

ub(x, t) ∈ S̃b(x, t),∀x ∈ Rn, t ∈ [0, T ]. (14)

Then there exists u ∈ U[t0,T ] s.t. u(τ) = ub(ξ
u
x0,t0(τ), τ)

for τ ∈ [t0, T ]. Moreover, for such control function u,
(a) ∃t1∈ [t0, T ] : hbT (ξux0,t0(t1), t1)≥b(ξ

u
x0,t0(t1), t1); and

(b) ∀τ ∈ [t0, t1] : b(ξ
u
x0,t0(τ), τ) ≥ 0.

One issue of feasible control input set S̃b in (13) is that
Sb may be empty, which makes it impossible to construct
the state-feedback control function ub. The following result
guarantees that such situation never happens.

Proposition 3: Given the current value function b : Rn×
[0, T ] → R, then for any x ∈ Rn, t ∈ [0, T ], we have
S̃b(x, t) ̸= ∅ where S̃b is defined in (13).

Remark 4: In practice, given value function b, time instant
t ∈ [0, T ], and state x ∈ Rn, when the control constraint set
U is a polytope, the following quadratic programming (QP)
problem can be solved to select the control input:

min
u∈U

u⊤Q(x, t)u+ F (x, t)⊤u

s.t.
∂b(x, t)

∂x
(f(x) + g(x)u) +

∂b(x, t)

∂t
≥ 0,

(15)

where Q(x, t) ∈ Rm×m is a positive semi-definite matrix and
F (x, t) ∈ Rm. Under certain assumptions, as discussed in
[30], [31], the solution u⋆(x, t) of QP (15) can be Lipschitz
continuous in x and piecewise continuous in t. Also, in many
applications, a reference controller uref (x, t) : Rn×[0, T ]→
U is already provided, which may perform well on other
criteria, such as energy efficiency. In such cases, the QP
objective in (15) can be modified to (u−uref (x, t))

⊤Q(u−
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uref (x, t)), ensuring minimal deviation from the reference
controller while still satisfying the safety constraints. This
approach allows the control input to meet the MRA task
requirements while preserving the original performance as
much as possible.

Proposition 2 shows that each target can be visited under
corresponding control law in line 5. Therefore, by an induc-
tive argument, we show that Algorithm 1 solves Problem 1
as formal statement below.

Theorem 2: Given the system in (1), the MRA task Φ =
(0, T,T,G), and initial state x0 with x0 ∈ MRA(0, T,T,G),
assume that ub in Proposition 2 can be found for each value
function b. Then there exists 0 = τ0 ≤ τ1 ≤ τ2 ≤ · · · ≤
τN ≤ T such that the Algorithm 1 comes into i-th for-loop
at time τi−1 and the MRA task Φ is finished at time τN .

Remark 5: The function b represents the robustness of
reaching a target while satisfying constraints. As previously
discussed in (12), the value of function b will never decrease
over time. However, to allow for a larger admissible control
set, we may relax this condition and only require b to remain
above a threshold β > 0. In this case, the control set (11)
can be modified as

Smb (x, t) =

{
u ∈ U

∣∣∣∣ ∂b(x, t)∂x
(f(x) + g(x)u)

+
∂b(x, t)

∂t
≥ −α(b(x, t)− β)

}
,

(16)
where α : R→ R is a strictly increasing, continuous function
with α(0) = 0. If b(x, t) ≥ β, then −α(b(x, t)−β) ≤ 0 and
Sb(x, t) ⊆ Smb (x, t). Moreover, from [30], [31], the control
law derived from (16) ensures b(x, t) ≥ β for all time.

VI. CASE STUDIES

The theoretical results for computing value functions and
synthesizing controls have been implemented in Python. The
HJR PDE is solved using a dynamic programming approach,
which can leverage GPU acceleration to mitigate the curse of
dimensionality. In this section, we demonstrate our algorithm
through two case studies: a single integrator and a kinematic
unicycle robot. For both examples, the offline value function
computation takes only a few seconds on a desktop equipped
with a single NVIDIA GeForce RTX 3090 GPU.

A. Single Integrator

We first consider a mobile robot model by a single-
integrator as ẋ = u, where x = (x1, x2) ∈ R2 and u =
(u1, u2) ∈ U ⊆ R2 such that U = {u ∈ R2 | ∥u∥2 ≤ 1}.
The regions of interest are defined by R1 = {x ∈ R2 |
(x1+6)2+x2

2 ≤ 22}, R2 = {x ∈ R2 | (x1−6)2+x2
2 ≤ 22},

and R3 = {x ∈ R2 | x2
1 + x2

2 ≤ 102}. The MRA task is
described by Φ = (0, 10,T = (R1, R2),G = (R3, R3)),
i.e., the robot should reach regions R1 and R2 in order
while always staying in region R3. We use signed distance
function as value function of each target region and safe
region. For example, for target R1 and t ∈ [0, 10], we
define hR1

(x, t) =
√
22 − (x1 + 6)2 − x2

2 if x ∈ R1 and
hR1(x, t) = −

√
(x1 + 6)2 + x2

2 − 22 if x /∈ R1.

(a) Case study 1. (b) Case study 2.

Fig. 1: Result of case studies.

The workspace for this case study is shown in Figure 1(a).
The numerically computed feasible set of the MRA task,
derived from Theorem 1, is represented by the black line.
Due to the simplicity of the system dynamics and the MRA
task, we also analytically compute the feasible set, depicted
by the red line in Figure 1(a). The two sets overlap precisely,
which further validates the correctness of Theorem 1.

For both case studies in this section, we use a system
sampling time of 0.01s and the control input is computed
by solving Program (15) with zero-order hold and a con-
trol update period of 0.1s. In this case study, the average
solving time for (15) is 0.009s, making it sufficiently fast
for online implementation. The robot’s initial state is set to
x0 = (−3.5,−1.5), and Figure 1(a) displays the trajectory,
demonstrating successful completion of the MRA task.

B. Kinematic Unicycles

In this case, we consider a mobile robot modelled by
kinematic unicycles dynamic. Specifically, the state [x, y, θ]⊤

denotes x-position, y-position and angle, respectively. The
control [v, ω]⊤ ∈ U denotes speed and angular veloc-
ity, respectively. The dynamic equation is given by ẋ =
vcosθ, ẏ = vsinθ, θ̇ = ω such that U = [0, 3] ×
[−0.3, 0.3]. There are three circle target regions with centers
(20, 40), (25, 10), (43, 10) and radius 5 denoted by R1, R2,
R3 respectively. Two rectangle obstacles G1 and G2 are
defined by their lower left and upper right points p11 =
(10, 20), p12 = (23, 30) and p21 = (27, 20), p22 =
(40, 30), respectively. Targets and Obstacles are illustrated
in Figure 1(b). The workspace of the robot is Gf =
[0, 50] × [0, 50] × [0, 2π]. Then G = Gf \ (G1 ∪ G2)
be the collision free state space of robot. The robot is
required to reach R3, R2, R1 in order with no collision
within 60s, which can be expressed as the MRA task Φ =
(0, 60, (R3, R2, R1), (G,G,G)).

While the MRA task itself only requires the robot to reach
its targets before the final time, we may want to complete it
as quickly as possible. To achieve this, we can modify the
value function b from Algorithm 1 by defining a translated
version b′ such that b′(x, t) = b(x, t+ t0) for some t0 ≥ 0.
This translation effectively reduces the latest arrival time by
t0. In our case study, we evaluate three scenarios with t0 = 0,
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10, and 35. Additionally, we implement the control input
set defined in (16) with β = 1.2. The control input sets
in (11) and (16) are denoted by “constant” and “switch”
respectively in Figure 1(b). We also consider a reference
controller (vref , θref ) where vref = kvdo(x) scales linearly
with the distance do(x) to obstacles and θref = kθθe(x)
adjusts based on the angle θe(x) to the current target center.
Here, both kv and kθ are constant gains.

The robot has initial state x0 = (45, 25, 1.5π) and its
trajectories under different control laws and parameters are
shown in Figure 1(b). Compared with different t0 under same
control input set, the robot will choose a shorter path when
using higher t0. Compared with different control input sets
under same t0, when using control input set (16), robot will
stay closer to obstacle. The reason is that when the distance
between obstacles and robot is larger than pre-defined value
β = 1.2, control input set (16) allows robot to approach
obstacles if reference controller suggests so.

VII. CONCLUSION

In this paper, we addressed multiple reach-avoid task
control synthesis problem. We illustrated how to accurately
verify the feasibility of a multiple reach-avoid task by a series
of value functions computed by existing Hamilton-Jacobi
Reachability method. Moreover, we proposed a procedure
to utilize the computed value functions for finishing the
multiple reach-avoid task. The experimental results indicated
that the proposed method can be applied to robot planning
efficiently. Our work illustrated a new view on how to accu-
rately characterize the complex temporal task by Hamilton-
Jacobi Reachability method. In the future, we will explore the
connection between multiple reach-avoid tasks and temporal
logic task, e.g., LTL, and extend proposed method to control
synthesis of more complex temporal logic tasks.
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