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ABSTRACT

The control of dynamical systems under temporal logic specifications among uncontrollable dynamic
agents is challenging due to the agents’ a-priori unknown behavior. Existing works have considered the
problem where either all agents are controllable, the agent models are deterministic and known, or no
safety guarantees are provided. We propose a predictive control synthesis framework that guarantees,
with high probability, the satisfaction of signal temporal logic (STL) tasks that are defined over a
controllable system in the presence of uncontrollable stochastic agents. We use trajectory predictors
and conformal prediction to construct probabilistic prediction regions for each uncontrollable agent
that are valid over multiple future time steps. Specifically, we construct a normalized prediction region
over all agents and time steps to reduce conservatism and increase data efficiency. We then formulate
a worst-case bilevel mixed integer program (MIP) that accounts for all agent realizations within the
prediction region to obtain an open-loop controller that provably guarantee task satisfaction with high
probability. To efficiently solve this bilevel MIP, we propose an equivalent MIP program based on KKT
conditions of the original bilevel formulation. Building upon this, we design a closed-loop controller,
where both recursive feasibility and task satisfaction can be guaranteed with high probability. We

illustrate our control synthesis framework on two case studies.
© 2025 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and

similar technologies.

1. Introduction

Consider the following scenarios in which autonomous dy-
namical systems need to operate safely among uncontrollable
dynamical agents: mobile service robots operating in pedestrian-
rich environments, self-driving cars navigating through dense
urban traffic, and leader-follower systems such as truck platoons
reducing air drag to improve fuel economy. All these scenarios
have in common that the autonomous system needs to satisfy
complex safety-critical specifications in the presence of uncon-
trollable agents. Achieving these specifications is challenged by
the fact that communication is prohibited, limited and unstable,
or only one-directional, while the agents’ intentions may not
always be known. In this setting, the autonomous system needs
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to make predictions about the behavior of the dynamic agents
and select safe actions accordingly. In this work, we propose a
predictive control synthesis framework with probabilistic safety
for complex temporal logic specifications.

Control of multi-agent systems under temporal logic specifica-
tions has attracted much attention, see e.g., Biiyiikkocak, Aksaray,
and Yazicioglu (2021), Guo and Dimarogonas (2015), Kantaros,
Guo, and Zavlanos (2019), Kantaros and Zavlanos (2020), Kloetzer
and Belta (2009), Lindemann and Dimarogonas (2019), Srinivasan,
Coogan, and Egerstedt (2018), Sun, Chen, Mitra, and Fan (2022).
However, the agent dynamics here are usually known and agents
are assumed to be collaborative. In this paper, we are interested
in control synthesis among uncontrollable dynamic stochastic
agents under temporal logic tasks, and specifically in settings
where communication is limited and no information about agent
intentions and models is available. This problem has been studied
in the literature, e.g., using sampling-based approaches (Hoxha &
Fainekos, 2016; Kalluraya, Pappas, & Kantaros, 2023), game the-
ory (Li, Shahrivar, & Liu, 2021), supervisory control theory (Kloet-
zer & Mahulea, 2012), or optimization-based methods (Ayala,
Andersson, & Belta, 2011; Purohit & Saha, 2021; Ulusoy & Belta,
2014). These works, however, only consider qualitative tempo-
ral logic specifications such as linear temporal logic, while we
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are here interested in quantitative temporal logics that allow
to measure the quality of task satisfaction. More importantly,
these works make simplifying assumptions on the models of the
agents such as being linear or having Gaussian noise distribu-
tions. Recent works in Dixit, Lindemann, Wei, Cleaveland, Pappas,
and Burdick (2023), Lindemann, Cleaveland, Shim, and Pappas
(2023a), Muthali et al. (2023), Tonkens, Sun, Yu, and Herbert
(2023) make no such assumptions and instead use learning-
enabled trajectory predictors and conformal prediction to obtain
probabilistic prediction regions that can be used for downstream
control. However, these works do not consider complex speci-
fications expressed in temporal logics. Note that extending the
control frameworks aforementioned to the temporal logic case
is not straightforward, since temporal logic specifications are
defined over agent trajectories while the aforementioned works
only consider point-wise state constraints.

Contribution. We consider the signal temporal logic (STL)
control synthesis problem in the presence of uncontrollable dy-
namic agents without making any assumptions on the agents’
dynamics and distribution. Specifically, we make the following
contributions:

e We use trajectory predictors and conformal prediction to
construct probabilistic prediction regions that contain the
trajectories of multiple uncontrollable agents.

e We propose a new mixed integer program (MIP) based
on a worst case formulation of the STL constraints over
all uncontrollable agent trajectories within these predic-
tion regions. We present an equivalent MIP program based
on KKT conditions of the original MIP to efficiently com-
pute the open-loop controller that provably guarantee task
satisfaction with high probability.

e To obtain a closed-loop controller, we introduce a recur-
sively feasible model predictive control (MPC) framework,
where recursive feasibility through the task horizon can
be guaranteed with high probability. We guarantee task
satisfaction with high probability.

o We illustrate the efficacy of our algorithms on temperature
control and robot motion planning problems.

All proofs of our technical results can be found in Yu, Zhao,
Yin, and Lindemann (2023) in order to save space.

1.1. Related work

Quantitative temporal logics such as signal temporal logic
(STL) (Maler & Nickovic, 2004) have increasingly been used in
control. The reason for their success in control is their ability
to reason over the robustness of a control system with respect
to the specification via the STL quantitative semantics (Donzé
& Maler, 2010a; Fainekos & Pappas, 2009). The quantitative se-
mantics of STL provide a natural control objective that can be
maximized, e.g., via gradient-based optimization (Gilpin, Kurtz,
& Lin, 2020; Mehdipour, Vasile, & Belta, 2019; Pant, A., & Mang-
haram, 2017; Pant, Abbas, Quaye, & Mangharam, 2018), mixed
integer programming (Kurtz & Lin, 2022; Raman, Donzé, Maa-
soumy, Murray, Sangiovanni-Vincentelli, & Seshia, 2014; Sadrad-
dini & Belta, 2018), or control barrier functions (Charitidou & Di-
marogonas, 2022; Lindemann & Dimarogonas, 2018; Xiao, Belta,
& Cassandras, 2021).

While STL control synthesis problems have been well studied
for deterministic systems, the problem becomes more challeng-
ing for stochastic systems. There are various approaches that
ensure probabilistic task satisfaction, e.g., via mixed integer pro-
gramming (Farahani, Majumdar, Prabhu, & Soudjani, 2017; Jha,
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Raman, Sadigh, & Seshia, 2018; Sadigh & Kapoor, 2016), sampling-
based approaches (llyes, Ho, & Lahijanian, 2023; Scher, Sadrad-
dini, Yadin, & Kress-Gazit, 2023; Vasile, Raman, & Karaman, 2017),
and stochastic control barrier functions (Jagtap, Soudjani, & Za-
mani, 2020). Another recent line of work considers the minimiza-
tion of mathematical risk of STL specifications (Akella, Dixit, Ah-
madi, Burdick, & Ames, 2024; Hashemi et al., 2023; Safaoui, Lin-
demann, Dimarogonas, Shames, & Summers, 2020). In addition,
there are also some related approaches for reactive STL control
synthesis, see e.g., Gundana and Kress-Gazit (2021, 2022), Linde-
mann, Pappas, and Dimarogonas (2021), Raman, Donzé, Sadigh,
Murray, and Seshia (2015).

Conceptually closest to our work are (Dixit et al., 2023; Linde-
mann et al., 2023a; Muthali et al., 2023) where the authors apply
conformal prediction to obtain probabilistic prediction regions of
uncontrollable dynamic stochastic agents. Conformal prediction
is a lightweight statistical tool for uncertainty quantification,
originally introduced in Shafer and Vovk (2008), Vovk, Gammer-
man, and Shafer (2005), that has recently attracted attention
within the machine learning community, see e.g., Angelopoulos
and Bates (2021), Fontana, Zeni, and Vantini (2023) for up-to-
date tutorials. Compared to Dixit et al. (2023), Lindemann et al.
(2023a), Muthali et al. (2023), we consider complex signal tem-
poral logic specifications, that are defined over agent trajecto-
ries as opposed to considering simple state constraints. Previous
works hence do not apply to our settings as we have to ac-
count for state couplings at different times. Furthermore, complex
temporal logic tasks require the data-efficient computation of
non-conservative probabilistic prediction regions to promote long
horizon control with multiple agents. We therefore propose an
efficient method for computing prediction regions, and formulate
a robust control problem which is fundamentally different and
less conservative from Lipschitz-based formulations proposed in
the aforementioned works.

2. Preliminaries & problem definition

We consider a autonomous systems, e.g., a robotic system
or an autonomous car, that is described by the discrete-time
dynamics

X1 =f(Xe, u), X € Xx (1)

where the function f : X x &/ — X is defined over the state
and input domains X and U/, respectively. Here, xq is the known
initial state and x, € X C R™ and uy € 4 C R™ are the n,-
dimensional state and the m-dimensional control input at time
k, respectively. To synthesize control sequences later, let us also
define wy.r_1 = ug...ur_1 and X 1.7 = Xgt1 ... XT*

The system in Eq. (1) operates among N uncontrollable and
stochastic dynamic agents, e.g., autonomous or remote-controlled
robots or humans. We model the state of agent i at time k as a
random variable Yy ; € )J; C R™i with state domain );, and we
define the random state of all agents as Yy = [Yi1,..., Ykn] €
Y CRYwithn, ==ny14+...+nyand Yy := Y X ... X V.
We do not assume to have any a-priori knowledge of the agent
dynamics and intentions, and since the agents are uncontrol-
lable, their finite-length trajectories are a-priori unknown. But
we assume that trajectories follow an unknown distribution D,
ie,Y = (Yp, Y1, ...) ~ D. We further assume to have access to
K realizations from D.

Assumption 1. We have access to K independent trajectories
YO = (P, ¥¥, . ..) from the distribution D. We split the tra-
jectories into calibration and training sets Dy := {Y(V, ..., Y(}
and Digin == {Y&+D, .. Y}, respectively.
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Modeling dynamic agents by a distribution D includes general
classes of systems such as discrete-time stochastic systems and
Markov decision processes. We make the restriction that D does
not depend on the behavior of the autonomous system in (1),
i.e., D does not depend on x. Similar modeling assumptions have
been made in Lindemann et al. (2023a) and are justified in many
applications, e.g., when conservative control actions are taken in
autonomous driving that do only alter the behavior of pedestrians
minimally. By using robust or adaptive versions of conformal
prediction, see e.g., Cauchois, Gupta, Ali, and Duchi (2024), Gibbs
and Candes (2021), we can relax this assumption. Lastly, Assump-
tion 1 is not restrictive in most applications, e.g., past trajectory
data of dynamic agents is available in robotic or transportation
systems.

In this paper, we consider the control of the system in (1)
under temporal logic specifications that are jointly defined over
the system and the uncontrollable agents. Therefore, we define
their joint state at time k as Sy = [xy, Yi] € X x Y C R" with
n = ny + n, and the joint state sequence as S := Sp, Sy, .. ..

2.1. Signal temporal logic control synthesis among uncontrollable
agents

In this paper, we use signal temporal logic to describe the tasks
defined over the system in (1) and uncontrollable agents. Signal
temporal logic was originally introduced in Maler and Nickovic
(2004), and we here only give a brief introduction. The syntax of
discrete-time finite-length STL formulae is

=T |x" | =¢ | $1 A2 | $1Up1P2, (2)

where T is the true symbol (L denotes the false symbol) and
ah : R" — {T, L} is a predicate whose truth value is determined
by the sign of an underlying predicate function © : R" — R,
i.e,, for the state s € R" we have that 7#(s) := T if and only
if u(s) > 0. The symbols — and A denote the standard Boolean
operators “negation” and “conjunction”, respectively, and Uyq p; is
the temporal operator “until” with a < b, a, b € N with N being
the natural numbers. As we consider a discrete-time setting, we
use [a, b] to denote the discrete-time interval [a, b]NN. These op-
erators can be used to define “disjunction” by ¢ V¢, := —=(—¢1 A
—¢,), “implication” by ¢1 — ¢ = =1 V ¢,, “eventually” by
Fia.n¢ := TUgp¢, and “always” by Gigp1¢ = —Fjq.p—¢.

STL Semantics and Quantitative Semantics. STL formulae are
evaluated over trajectories s := sgs1 - -- where s could be a real-
ization of S. The notation (s, k) = ¢ denotes that s satisfies the
STL formula ¢ at time k. In addition to these qualitative Boolean
semantics, we can define quantitative semantics p?(s, k) € R,
referred to as robust semantics, that describe how well ¢ is
satisfied (Donzé & Maler, 2010b). We note that p®(s, k) > 0
implies (s, k) = ¢. The formal definition of these semantics can
be found in Yu et al. (2023).

Problem Formulation. We consider bounded STL formulae ¢
where time intervals [a, b] in ¢ are bounded. The satisfaction
of a bounded STL formula ¢ can be computed over bounded
trajectories. Specifically, we require trajectories with a minimum
length of T, where T, is the formula horizon formally defined
in Dokhanchi, Hoxha, and Fainekos (2014), Sadraddini and Belta
(2015). For example, for ¢ = F;35 Gy zr”, we have T, =
10. We additionally assume that ¢ is in positive normal form,
i.e., the formula ¢ contains no negations, and is build from convex
and differentiable predicate functions w. The former assumption
is without loss of generality as every STL formula can be re-
written into an equivalent STL formula that is in positive normal
form (Sadraddini & Belta, 2015, 2018). The latter assumption
is made for computational reasons and can be relaxed, since
every STL formula can be transformed into positive normal form
(see Sadraddini and Belta (2015) for more details). We summarize
these assumptions next.
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Assumption 2. We consider bounded STL formulae ¢ in positive
normal form. We further assume that all predicate functions w in
¢ are convex and differentiable with respect to Y;.

We impose specifications ¢ that satisfy Assumption 2 over the
random trajectory S, i.e., over the system trajectory x; and the
random trajectories of uncontrollable agents Y. We consider the
following problem.

Problem 1. Given the system in (1), the uncontrollable agents
Y = (Yo,Y1,...) ~ D, a set of trajectories Dy and Dyyqin
that satisfy Algorithm 1, an STL formula ¢ from (2) that satisfies
Assumption 2, and a failure probability § € (0, 1), compute the
control inputs uy for all k € {0, ..., Ty — 1} s.t. the STL formula is
satisfied with a probability of at least 1 — §, i.e., Prob(S = ¢) >
1-34.

The challenge for solving Problem 1 is the dependency of ¢
on the agents in Y, i.e., the joint trajectory S is only partially
controllable. Our approach is to predict uncontrollable agents,
construct prediction regions that capture uncertainty of these
predictions, and synthesize the controller using this information.
While our work is inspired by Dixit et al. (2023), Lindemann
et al. (2023a), these works cannot be simply extended to solve
our problem, since they consider state constraints of the form
c(Xk, Yx) > 0 that are enforced at each time step separately. We
instead consider STL specifications defined over the trajectory
S, where the task description cannot be separated into differ-
ent time steps. This temporal coupling makes the problem of
designing closed-loop controllers different from existing works,
since during the online execution we cannot discard constraints
from previous time steps. Furthermore, applying a Lipschitz re-
formulation as in Dixit et al. (2023), Lindemann et al. (2023a)
will bring conservative results. These works leverage the Lipschitz
constant of the function ¢ to capture the worst case over the
prediction region. In the STL case, taking the Lipschitz constant of
the robustness function p¢ may be conservative and not practical.

Our solution consists of an offline and an online phase. In
the offline phase, we train trajectory predictors using historical
data and compute prediction regions via conformal prediction
(Section 3). These regions capture the uncertainty of uncontrol-
lable agents’ trajectories with a probability of at least 1 — §.
In the online phase, for open-loop control, we solve a mixed
integer program (MIP) at the initial time step using the open-loop
prediction regions, ensuring probabilistic satisfaction of the STL
specification (Section 4). For closed-loop control, we iteratively
update the predictions and prediction regions at each time step,
solving the MIP at each time step and guaranteeing recursive
feasibility and task satisfaction with high probability (Section 5).

2.2. Trajectory predictors and conformal prediction

Trajectory Predictors. From the training set Dy, we first
train a trajectory predictor that estimates future states (Y11, ...,
YT¢) from past observations (Yy, ...Yy). We denote the predic-

tions made at time k as (?Huk, el f’T¢|,<). For instance, we can
use recurrent neural networks (RNNs) (Salehinejad, Sankar, Bar-
fett, Colak, & Valaee, 2017), long short term memory (LSTM)
networks (Yu, Si, Hu, & Zhang, 2019), or transformers (Han, Xiao,
Wu, Guo, Xu, & Wang, 2021). In this paper, we do not make
assumption on the trajectory predictor. .

Conformal Prediction. The predictions Y, of Y, for t > k,
which may be obtained from learning-enabled components, may
not always be accurate. We will use conformal prediction to ob-
tain prediction regions for Y; that are valid with high probability.
We leverage conformal prediction which is a statistical tool for
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uncertainty quantification with minimal assumptions (Shafer &
Vovk, 2008; Vovk et al., 2005).

Let R®, ... ,R®) ¢ R be K + 1 i.i.d. random variables which
are referred to as the nonconformlty score. For mstance we may
define the prediction error RY Y@ — ¥ |k|| at time 7 >

k for all calibration trajectories YU) € D.q. Naturally, a small
value of RY in this case implies accurate predictions. We later
present nonconformity scores to obtain prediction regions for
uncontrollable agents over multiple time steps. Given a failure
probability 8 € (0, 1), our goal is to compute C from R, ..., RK)
such that the probability of R©®) being bounded by C is not smaller
than 1 —§, i.e., such that

Prob(R” <C)>1-3.

By the results in Lemma 1 of Tibshirani, Foygel Barber, Candes,
and Ramdas (2019), we can compute

C := Quantile;_;(R™", ..., R®) c0)

as the (1 — §)th quantile over the empirical distribution of
RM, ..., R and oco.! By assuming that RV, ..., R®) are sorted
in non-decreasing order and by adding R¥+1") := oo, we have that
C = R® where p := [(K + 1)(1 — 8)], i.e., C is the pth smallest
nonconformity score. To obtain meaningful prediction regions, we
note that K > [(K + 1)(1 — §)] has to hold. Otherwise, we get
C = 0. Lastly, note that the guarantees Prob(R(O) <C)>1-4are
marginal over the randomness in R®, RV, ... R¥) (C depending
on RY, ..., R®)Y and not conditional on R(1 ., RO,

3. Open-loop prediction regions for multiple uncontrollable
agents

To solve Problem 1, we use trajectory predictions and compute
probabilistic prediction regions for each uncontrollable agent that
are valid over multiple time steps. Recall that Yei denotes the
random state of agent i at time 7, and let Y;o; denote the
prediction of Y;; made at time k = 0. We are interested in
constructing prediction regions for all predictions T € {1, ..., Ty}
made at time k := 0 and for all agentsi € {1,...,N}, i.e,s.t.

Prob(|| Y. — Yejo. 1< Cepoiis (3)
V(t. i) e {1, ... Ty) x {1,....N}) = 1 -3,

where C;|o; indicates the t-step ahead prediction error of agent
i for predictions {Gm,f. In the following, we show how to com-
pute these prediction regions using conformal prediction, and the
formal result is given in Theorem 1.

Data-efficient and accurate prediction regions. Computing
7-step ahead prediction regions via C;o; is in general difficult.
Existing works (Lindemann et al., 2023a; Stankeviciute, M. Alaa,
& van der Schaar, 2021) are conservative, data-inefficient, and
do not provide prediction regions for multiple agents. The rea-
son is that C;o; are independently computed for all (7,i) €
{1,..., Ty} x {1,...,N}. This independent computation is fol-
lowed by a conservative and inefficient union bounding argument
(more details below).

Instead, we obtain these prediction regions jointly by ex-
tending the framework in Zhao, Hoxha, Fainekos, Deshmukh,
and Lindemann (2024) to incorporate multiple agents. For the
open-loop case, we define the normalized nonconformity score

0 REER e
Ry = max ————— (4)
(z,i)ef1,..., T¢) 01\0,1
x{1,....N}
1 Formally, we define the quantile function as
Quantile;_s(R™", ..., R®) 00) := inf{z € R|Prob(Z < z) > 1 — 8§} with the

random variable Z = 1/(K + 1)(3_; 8z + 8o0) Where g
distributions centered at R® and oo, respectively.

and J,, are dirac
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for calibration trajectories Y& € D,y where o;9; > 0 are
constants that normalize the prediction error to [0, 1] for all times
7 and agents i. This nonconformity score is inspired by Cleave-
land, Lee, Pappas, and Lindemann (2024), where a mixed integer
linear complementarity program is used to find optimal constants
070,i- However, we do not need to solve nonconvex optimization
problems and instead simply normalize over the training dataset
Dirgin Which has practical advantages Specifically, we use the
normalization o7 g := max; ||Y I‘O l|| for training trajectories
YW € Diygin with the assumptlon that o, is non-zero. This is
important as the optimization problem in Cleaveland et al. (2024)
may have no solution, or the optimal solution cannot be found
due to the nonconvexity of the problem, or it takes too long to
solve in practice, especially for large Ty and N. The reader can find
an empirical comparison in Section 6.1, where we show that we
can obtain similar prediction regions as Cleaveland et al. (2024),
but in a computationally more efficient manner.

The intuitions behind the nonconformity score in (4) are that
normalization via o;|g; will prevent the prediction error || Y

Y%, | for a specific agent and time to dominate the max oper—
ator. This would result in overly conservative prediction regions
for other times and agents.

Valid Prediction Regions with Conformal Prediction. We
can now apply conformal prediction, as 1ntroduced in Section 2.2,
to the open-loop nonconformity score ROL By re-normalizing
these nonconformity scores, we obtain prediction regions as in
Egs. (3).

Theorem 1. Given the random trajectory Y := (Yo, Y1,...) ~ D,
a set of trajectories Doq; and Dyqin that satisfy Assumption 1, and the
failure probability § € (0, 1), then the prediction regions in Eq. (3)
hold for the choice of

Crp0,i == CoLor)0,i) (5)
where o |o; are positive constants and
. 1 K
CoL == Quantllel_(;(R(OL), .. RE)L), 00).
Remark 1. In this work, the prediction regions C;jp; are norm

balls because the nonconformity score is defined using the Eu-

clidean norm. This choice was made for simplicity and inter-

pretability. However, the conformal prediction framework is flex-

ible and can accommodate other nonconformity scores, which

would lead to different prediction regions, e.g., ellipsoids (Mes-

soudi, Destercke, & Rousseau, 2022) or multi-modal regions (Tumu,
Cleaveland, Mangharam, Pappas, & Lindemann, 2024). While we

chose norm balls for simplicity, the proposed framework is gen-

eral and can support any convex or even nonconvex shape by

defining the nonconformity score appropriately.

Comparison with existing work. With slight modification
of Lindemann et al. (2023a), Stankeviciute et al. (2021), an alter-
native approach for obtaining C;|o; would be to compute C;jg; :=
Quantile;_; T¢N)(R“) ..., R%) 00) with the nonconformity score

RY := ||Y;i — Yrp0.ill. However, it is evident that taking the 1 —§
quantile in Theorem 1 compared to the 1 — §/(T4N) quantile is
much more data inefficient. Specifically, for a fixed § € (0, 1), we
only require K > (1 — §)/§ calibration trajectories as opposed to
K > (TyN — §)/6 calibration trajectories.? Intuitively, it is also
evident that our choice of normalization constants oo ; provides
less conservative prediction regions in practice as evaluating the
1 — § quantile is more favorable compared to the 1 — §/(T4N)

2 Computing the 1—§ and 1-68/(TyN) quantiles requires that [(K+1)(1-8)] <
K and [(K +1)(1—=68/(TyN))] <K.
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for larger task horizons T, and number of agents N. Finally, we
remark that one could even consider obtaining conditional guar-
antees using conditional conformal prediction (Gibbs, Cherian, &
Candés, 2023). Similarly, we can use robust conformal prediction
to be robust against distribution shifts (Cauchois et al., 2024; Tib-
shirani et al., 2019; Zhao et al., 2024), e.g., caused by interaction
between the system in (1) and the distribution D.

For practitioners. We summarize our method to obtain the
prediction regions in Eq. (3) via Theorem 1 in Algorithm 1, which
is executed offline. We note that, in order to compute COL, we sort
the corresponding nonconformity scores (after adding R o

o0) in nondecreasing order and set Cp; to be the pth smallest
nonconformity score where p := [(K + 1)(1 — §)], as explained
in Section 2.2. Specifically, the variable p is set in line 1. We then
compute the predictions YT o; for all calibration data in lines 2-5
and calculate the normallzatlon constants oo ; over the tralmng
data in line 6. Finally, we compute the nonconformity scores ROL
for all calibration data in lines 7-9 and apply conformal prediction
to obtain Cp; in lines 10-11. According to Theorem 1, we then
obtain the open-loop prediction regions Crg ;.

Algorithm 1: Multi-Agent Prediction Regions (Offline)

Input: failure probability §, dataset D, horizon T
Output: Constants Co; and o7 i

1p <« [(K4+1)(1-46)]

2 foralli e {1,...,N} do

3 forall t € [k+ 1, T¢]_do

4 forallj € {1,...,K} do ‘

5 L Compute YI%I from (Yé’z, .. YUI?)
6 o < MaXicye 1, gy 1Y) — Y0
7 forallje {1,...,K} do

L Compute Rgl as in Eq. (4)
Set ROKL“) <~ 00
10 Sort RY) in nondecreasing order
11 Set Cop <« Rg’L)

-]

-]

4. Open-loop predictive STL control synthesis

We now use the previously computed prediction regions and
design predictive controllers that solve Problem 1, i.e., controllers
u that ensure that x is such that Prob(S = ¢) > 1—4. Specifically,
we use the prediction regions and present an MIP encoding for
the STL task ¢. We first present a qualitative and a quantitative
encoding using the Boolean and quantitative semantics of ¢ in
Sections 4.1 and 4.2, respectively. In Section 4.3, we use these
encodings to present an open-loop controller.

4.1. Qualitative STL encoding with multi-agent prediction regions

A standard way of encoding STL tasks for deterministic trajec-
tories s is by using an MIP encoding (Raman et al., 2014, 2015).
The idea is to introduce a binary variable zg’ and a set of mixed
integer constraints over s such that zg = 1if and only if s = ¢.
In this paper, however, we deal with stochastic trajectories S that
consist of the system trajectory x and the stochastic trajectories of
dynamic agents Y. We will instead introduce a binary variable Zg’
and a set of mixed integer constraints over x and the prediction
regions in (3) such that 2g = 1 implies that S = ¢ with a
probability of at least 1 — §. In this way, zg’ can be seen as a
probabilistic version of zg’ . We emphasize that our MIP encoding
provides sufficient but not necessary conditions for the task sat-
isfaction. Specifically, we cannot guarantee necessity due to the
use of probabilistic prediction regions.
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In the remainder, we generate the mixed integer constraints
that define Eg recursively on the structure of ¢. Our main in-
novation is a probabilistic MIP encoding for predicates, while
the encoding of Boolean and temporal operators follows (Raman
et al., 2014, 2015). We here recall from Assumption 2 that the
formula ¢ is in positive normal form so that we do not need to
consider negations. To provide a general encoding that can be
used for open-loop and closed-loop control, we let k > 0 denote
the current time. For the open-loop case, we only need to con-
sider the initial time, i.e., k = 0. As we will treat the system state
X, separately from the state of uncontrollable dynamic agents Y
contained in Si, we will write p(x, Yy) instead of p(sy).

Predicates 7/. Let us denote the set of predicates 7* in ¢ by
P. Now, for each predicate 7# € P and for each time t > 0, we
introduce a binary variable Ef‘k € {0,1}. If T < k, then we have
observed the value of Y; already, and we set 25“',( = 1ifand only if
u(x;, Y:) > 0.1If T > k, then we would like to constrain 2“|k such
that Zi‘lk = 1 implies Prob(u(x.x, Y;) > 0) > 1 — §. Motivated by
Theorem 1, we use the Big-M method and define the constraint

— min u(X,y) <M(1-21,) —€, (6)

YEB|k
where M and ¢ are sufficiently large and sufficiently small posi-
tive constants, respectively, see Bemporad and Morari (1999), Ra-
man et al. (2014) for more details. The minimization of w(x;, ¥)
over the y component within the set 5B, will account for all
Y, that are contained within our probabilistic prediction regions.
Specifically, the set B, contains all states contained within a
geometric norm ball that is centered around the predictions f/,”{,,-
with a size of C;; and is defined as

Bek = {ly1, ..., yn1T € R | (7)
Vie{l,....NL lyi — Yokl < Copi}-

In the case when k = 0, we use the values of C;jo; as in (5) that
define the open-loop prediction region in (3). This implies that
Prob(Y; e B;,t € {1,...,Tg}) > 1—34.

By Theorem 1 and the construction in Eq. (6), we have the
following straightforward result.

Corollary 1. Ifzr‘O = 1 for all pairs (r,n*) € TP, where
TP C {0,..., Ty} x P is the set of some pairs, then it holds that
Prob(u(xﬂo, Y )>0,¥(r,7*)e TP) > 1— 6.

Remark 2. We do not need to enforce z,';, = 0 since the STL for-
mula ¢ is in positive normal form as per Assumption 2. However,
by using the constraint maxyegﬂku(xﬂk,y) < Mif‘k — € we could
enforce Zflk = 0 implies Prob(u(x;, Y;) < 0, V(tr, 7#*) € TP) >
1-34.

Computational considerations. Note that we minimize (X,
y) over the y component within the ball B¢, in Eq. (6). In an outer
loop, we will additionally need to optimize over x,x to compute
control inputs u, ;. To obtain computational tractability, we will
now remove the minimum over y and instead write Eq. (6) in
closed-form. Since the function w is continuously differentiable
and convex in its parameters by Assumption 2, we can use the
KKT conditions of the inner problem to do so. Specifically, the
constraints in Eq. (6) can be converted into a bilevel optimization
problem where the outer problem consists of the constraints

—1(xepe, ¥*) < M(1 = Zp,) — e, (8)
and where the inner optimization problem is

y* = argmin pu(x;k, y), (92)
y

St i — Yepeill < Copi, Vi€ {1,..., N} (9b)
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We can use the KKT conditions of the inner optimization problem
in (9) after a minor modification in which we change the con-
straints ||Y: '[|k 1” =< Cr|k1 into (yl r|k 1) (yl r|k 1) = CT”“ to

obtain differentiable constraint functions. Formally, we obtain

Au(Xeis ¥* 3 Vo) TOvF — Yo

WXk, Y )+ A Vi = Yopri) (Y Tlk,i) —0 (10a)
ay i

OF = Yop) T = Vo) < C3pn Vie {1,..., N} (10b)

Ai>0,Vie{l,...,N} (10c)

M = Yeped) 0 = Vo) — Clui)=0.Vie{l,....N}

as the set of KKT conditions for the inner problem (9).

We have that a solutions y* to (9) is a feasible solution to
the KKT conditions in (10) and vice versa (Boyd & Vandenberghe,
2004), since Slater’s condition holds for the inner convex opti-
mization problem (9), with the reasoning that C;; > 0.° As a
result, we can replace (6) with Egs. (8) and (10) equivalently.

Boolean and temporal operators. So far, we have encoded
predicates w*. We can encode Boolean and temporal operators
recursively using the standard MIP encoding (Raman et al., 2014,
2015). In brief, for the conjunction ¢ := A" ;¢; we introduce the

blnary variable z zrl,< {0, 1} that is such that E‘flk = 1if and only
if z%1 ke = - = zd’m = 1. Consequently, Zf"k = 1 implies that
(S, t) = ¢ holds w1th a probability of at least 1 — §. We achieve
this by enforcing the constraints

(10d)

¢ P i

Zk SZpei=1,...,m,
> m i
Zz 1—m+ 22,7,

For the disjunction ¢ = V[ ¢;, we follow the same idea but
instead enforce the constraints

>0 SO - _
2 Z 2 1= 1,...,m,
¢ m i
Zo = LicaZjke

For temporal operators, we follow a similar procedure, but first
note that temporal operators can be written as Boolean com-
binations of conjunctions and disjunctions. For ¢ = Giqp o1,
we again introduce a binary variable i‘flk € {0, 1} and encode

?lk = /\ztbwa Efl‘k using the MIP constraints for conjunctions

introduced before. Similarly, for ¢ := Fy, 5¢1 we use that z z?
T+b ¢

\/,/,Ha Tl‘k. wh11e for ¢
T+b =

\/z —t+a /\ /\ "=t r”\k - .
Soundness of the encoding. At the initial time step k = 0, the

. . . . . —¢
procedure described above provides us with a binary varlable Zy)

and a set of mixed integer constraints over x such that z ka =1
implies that S = ¢ holds with a probability of at least 1 — 4.
We summarize this result now and introduce the quantitative
encoding thereafter.

T|k
= ¢1Ugp¢2 we use that z‘fl =

Theorem 2 (Open-Loop Qualltatlve Encoding Result). Let the condi-
tions from Problem 1 hold. IfzOIO = 1, then we have that Prob(S =
¢)>1-34.

4.2. Quantitative STL encoding with multi-agent prediction regions

The qualitative MIP encoding ensures that zg"o = 1 implies
that Prob(S = ¢) > 1 — § as in Theorem 2. However, in some

3 Here, we make the mild assumption that Cy; # 0. Note that Cy; is computed
from the nonconformity score RU m (4) which is only zero if our trajectory
predictor is perfect, i.e., if HYS,)I T‘O ,|| = 0, which is rarely the case. We could
modify the nonconformity score R¥) by adding a small constant to be guaranteed
to achieve Cp, # O at the expense of making the prediction region slightly more
conservative.
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cases one may want to optimize over the quantitative semantics
p?(S, 0). We next present a quantitative MIP encoding for ¢.
Specifically, we will recursively define a continuous variable F$ k €

R that will be such that p?(S, 0) > Fg"k with a probability of at

least 1 — §. Our main innovation is a quantitative MIP encoding

for predicates, while the Boolean and temporal operators again

follow the standard MIP encoding (Raman et al., 2014, 2015).
Predicates. For each predicate n* € P and for each time

T > 0, we introduce a continuous variable %, € R. Inspired

by Lindemann, Qin, Deshmukh, and Pappas (2023b), we define

|k as

- Wxe, ¥r)
Tlk * minyes, ; W(Xck, Y)

where we again notice that Y; is known if t < k, while we
compute minyegrlk WXk, y) if T > k to consider the worst case
of u(x;k, y) for y in the prediction region By .

By Theorem 1, ensuring that Y; € B, holds with a probability
of at least 1 — &, and the construction in Eq. (11), we have the
following straightforward result.

ift <k,

otherwise (amn

Corollary 2. It holds that Prob(p"(S,t) > rtlo,‘v’(
{0,..., Ty} x P) > 1—6, where S; = [X)0, Y]

Similarly to the qualitative encoding, the term minyc Bape M(Xelks
y)in Eq. (11) can be written as in Eq. (9), and we can use Eq. (10)
instead of (9).

Boolean and temporal operators. As for the qualitative en-
coding, we only provide a brief summary for the quantitative
encoding of Boolean and temporal operators that follow standard
encoding rules. For the conjunction ¢ = Al ¢;, we introduce
the continuous variable fﬁk € R that will be such that F‘b‘k =

mm{r 1. Particularly, we achieve this by enforcing the

, ) €

Tlk> o r|k
constraints
2;‘211’er =1,
2 b
M < rﬂ‘k, i=1, ,m,
¢'(—¢W<r<r+W—@)Fl m
Tk PrpM =Top =T Drg)st=1....,m,

where pﬂk € {O 1} are m new binary variables so that fﬂk = rffk
if and only if p Ak = 1. By this encoding, Ff’ ¢ = 0 implies that

(S,7) E ¢ holds with a probability of at least 1 — §. For the
dlS_]urlCthI] ¢ = VI ¢;, we follow the same idea but instead
enforce the constraints
Pi
Ei’ilpr\k =1
—¢ ¢
e Z T =1, m,
¢1 (1 M< <‘¢i M]_¢l _1
r|k pr\k) T —rr\k+ ( pr|k)’l_ seees M

For temporal operators, we again note that we can write each
operator as Boolean combinations of conjunctions and disjunc-
tions and then follow the same procedure as for the qualitative
encoding.

Soundness of the encoding. At the initial time step k = O,
the procedure described above gives us a continuous variable f(‘flk

and a set of mixed integer constraints over x such that Fg"k is a

probabilistic lower bound of p#(S, 0). We summarize this result
next.

Theorem 3 (Open-Loop Quantitative Encoding Result). Let the con-
ditions from Problem 1 hold. It holds that Prob(p?(S, 0) > F(‘,blo) >

1-46. Iffg)lo > 0, then we have that Prob(S = ¢) > 1 — 6.
We emphasize that the previous result will allow us to directly

optimize over the variable F(‘f‘o to achieve Fg"o > 0, which then
implies that Prob(S = ¢) > 1—6.
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4.3. Predictive MIP-based control synthesis

For control synthesis, we can now use the qualitative encod-
ing via the binary variable Z(‘f‘k or the quantitative encoding via
the continuous variable Fg)‘k to solve Problem 1. Formally, we
then solve the following qualitative mixed integer optimization
problem

Wer, 1 = alflijiiln J(Xk, Wit —1) (12a)
subject to Wer, 1 € z,{ka’kaTq) c xTo—k (12b)
Xep1 =f(xc,u), T =k, ..., T =1,  (120)
Zhy = 1. (12d)

Similarly, the quantitative mixed integer optimization problem
can be formulated by replacing 23’“{ = 1 with Fg"k > 01in Eq. (12d).

Note particularly that we enforce either zJ, = 1 or F(‘f‘k >0
in Eq. (12d). This enables us to select between the quantitative
and the qualitative encoding. We can also enforce Fg‘k > a, where
a > 0, to obtain a trajectory with higher robustness.

Open-loop synthesis. We will start with analyzing the case
when k = 0 where we get an open-loop control sequence “3:T¢71-
By Theorems 2 and 3 it is easy to see that we solve Problem 1
if we can find a feasible solution to the optimization problem
in (12). We next summarize the result that solves Problem 1.

Theorem 4 (Open-Loop Control). Let the conditions from Problem 1
hold. If the optimization problem in (12) is feasible at time k = 0,
then applying the open-loop control sequence “3:@,—1 to (1) results
in

ProbSk=¢)>1-3

The complexity of the optimization problem in (12) for the
open-loop is in general that of a mixed integer program which
is NP-hard. Compared to a standard solution to deterministic STL
control problems (Raman et al., 2014), our method introduces
additional nonconvexity to the optimization framework. While
we maintain identical constraints for Boolean and temporal oper-
ators, our formulation extends these constraints by incorporating
KKT conditions for each predicate at every time step, which
introduces the nonconvex constraint ((10)a) and complementary
slackness condition ((10)d).

5. Closed-loop predictive STL control synthesis

The above open-loop control strategy may be conservative as
the prediction regions C;|o; will usually be conservative for large
T as then the predictions f/ﬂo lose accuracy. Furthermore, due to
the lack of state feedback, the open-loop controller is not robust.
Therefore, we propose to solve the optimization problem in (12)
in a receding horizon fashion as in Lindemann et al. (2023a).

An intuitive solution to this problem is the MPC framework as
follows. At each time k we observe the realization of Y}, update
our predictions Y;,, and compute the control sequence “Z:T¢—1
by solving the optimization problem in (12). Then, we apply
the first element uj; of u;%_l to the system in (1) before we
repeat the process. However, since the STL task is defined over
the whole trajectory S (instead of state constraints c(xy, Yy) > 0
in Lindemann et al. (2023a)), we cannot apply this strategy and
get the same result as in Lindemann et al. (2023a). This poses a
new challenge that we address here. Specifically, Lindemann et al.
(2023a) show that Prob(c(xk, Yx) > 0,Vk € {1,...,T}) > 13,
where T is the length of the task, if the underlying optimization
problem is feasible at all time steps. However, this reasoning
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cannot be applied to the STL case for the following reason. Our
optimization problem (12) depends on both past realizations and
future predictions, as opposed to Lindemann et al. (2023a), where
the optimization problem only depends on future predictions, but
not past realizations. Indeed, past realizations affect the satisfac-
tion of the STL specification and can hence break the feasibility of
the optimization problem. The authors in Stamouli, Lindemann,
and Pappas (2024) build upon (Lindemann et al.,, 2023a) and
present a recursively feasible shrinking horizon MPC that guar-
antees probabilistic satisfaction of state constraints. However, this
strategy cannot be applied to the STL case for the same reasons
since feasibility is affected by past realizations.

We propose a closed-loop control framework for STL tasks
that is recursively feasibility with high probability. We use the
qualitative and quantitative encodings presented in Sections 4.1
and 4.2, respectively, and the optimization problem (12) pre-
sented in Section 4.3 where we modify the constraints imposed
for predicates, while we keep the constraints for Boolean and
temporal operators without modification. In order to change the
constraints for predicates, we need new prediction regions which
we present in Section 5.1 before we discuss the qualitative and
quantitative encodings in Section 5.2 as well as the closed-loop
controller in Section 5.3.

5.1. Closed-loop prediction regions

We now apply conformal prediction to capture the union of
past prediction regions, which will allow us to design a shrinking-
horizon MPC with probabilistic recursive feasibility guarantees.
Specifically, we are interested in constructing prediction regions

for all prediction times v € {1,..., Ty} made at previous times
se{0,...,7 — 1} for all agents i € {1, ..., N}, i.e,, such that
Prob(]|Yy s — Yeisill < Crisis ¥(z, 5, 1) € {1, Ty}x

{0,....,t—1}x{1,....,N)>1-3, (13)

where C;s; indicates the prediction error of agent i for pre-
dictions }A’r‘s,,’ made at time s. Intuitively, this guarantees that
the probability of Y; being in the previous prediction regions
described by C;; for all previous times s € {0,...,7 — 1} and
agents i € {1, ..., N} is larger than or equal to 1 — §, which will
allow us to formulate constraints that guarantee feasibility of the
optimization problem (12) (more details follow).

To obtain the prediction region in (13), we follow a similar
idea to the open-loop case, but instead define the normalized
nonconformity score

”Yr,i_ r\s,i”

)]
Ry = max —_— 14
o (e.s.e(l....Ty) Orlsi (14)

for calibration trajectories Y € D,y where o,s; > 0 are again
constants that normalize the prediction error to [0, 1] for all
prediction times 7, past times s and agents i. In this case, we
let o, = max; ||Yr(’,)i - Yr(ﬁ.i” for training trajectories Y0 e
Dirain, again assuming that o;s; is non-zero. Then, we have the
following theorem.

Theorem 5. Given the random trajectory Y := (Yo, Y1,...) ~ D,
a set of trajectories D.q and Dy that satisfy Assumption 1, and the
failure probability § € (0, 1), then the prediction region in Eq. (13)
holds for the choice of

Crpsi = Caroys,i (15)
where o5 ; is a positive constant and

. 1 K
Co = Quantllel,a(R(CL), R R(CL), 00).
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82‘1 BQlO

mingep, p(xa1,y) =0 minyeB, o w(xa)1,y) 20

Fig. 1. llustration of the idea of gradual constraint relaxation.

5.2. Closed-loop STL encoding

Future predictions will affect recursive feasibility since the
prediction regions made at time k + 1 may be different from
that made at time k, which makes the optimization problems
(12) at time k + 1 different from that at time k. To account for
this, inspired by Stamouli et al. (2024), we gradually relax the
constraints as now prediction regions become available online.
Following this idea, we introduce qualitative and quantitative
encodings in the remainder.

Qualitative encoding. We replace the quantitative encoding
of predicates in Eq. (6) by
- ggsagg{yrengg W(Xepk, y) < M(1—Z7,) — €, (16)
where B;; is defined as before in Eq. (7), but now with C;
as in (15). We use s to denote the past time steps, and recall
that k is the current time and 7 is the prediction time. Eq. (16)
enforces — minyeg, (X, y) < M(1 — Z};) — € to be satisfied
for at least one of the prediction regions B;,,0 < s < k,
instead of the current prediction region B . Intuitively, the max
operation in (16) allows us to pick the least conservative predic-
tion region to encode the predicate function, which relaxes the
constraints gradually. Fig. 1 illustrates the aforementioned idea by
an example. Specifically, the predicate describes the task of two
agents being close with distance of at most two, i.e., u(x,y) =
2 — |lx — y||. The two gray areas indicate the feasible areas at
different times, i.e., for the constraints minyes,, (x, y) > 0 and
minyegz‘1 u(x,y) > 0. The maximum operator in Eq. (16) allows
to choose the union of these areas as the feasible set at time step
one.

Computational considerations. To obtain computational
tractability for (16), we introduce a binary variable for each s
as qf",f to indicate whether the predicate is satisfied under By,
ie., qf",f = 1iff—miny€BT|S WXk, y) < M(1— Zrlk) €. Specifically,

we have the following constraints for each s,0 < s < k:

= min (e, ¥) = M(1 - i) +e<MQA—g)—€, (17a)
min w(Xep, y) +M(1—2,) —e < Mg} — €, (17b)

YEBys

where M’ and €’ are sufficiently large and sufficiently small pos-
itive constants similar to M and e. For simplicity, we can choose
M’ = M and € = e. Then, instead of enforcing (16), we enforce
(17) together with

k
D g =1 (18)
s=0

By enforcing (18), it holds that qf",f = 1 for at least one s €
{0, ..., k}, so that — minyep,, (X, ¥) < M(1-2z%,)—e holds for
at least one of B;;, which implies that (16) holds. In the opposite
direction, if —minyep,, w(Xck, ¥) < M(1 —z;;) — € holds under
Bzjs, then q’:,f = 1and (18) holds. As a result, we can use Egs. (17)

and (18) to replace (16).
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Summary of qualitative encoding. To encode 2g’| « in the op-
timization problem (12), we encode predicates by Eqs. (17) and
(18) instead of Eq. (6). Additionally, we encode Boolean and
temporal operators in the same way as in the open-loop case in
Section 4.1.

Quantitative encoding. Similarly, we encode predicates by
gradually relaxed constraints for the quantitative encoding. Specif-
ically, we replace the quantitative encoding of predicates in Eq.
(11) by

= ,_{ (e, Yr)

- ift <k,
Tl | maxo<s<k Milyes, ; 1(Xcik, ¥)

otherwise. (19)

Intuitively, instead of considering the worst case of (X, y) for
y within the prediction region B, we choose the least conser-
vative prediction region from B;;,0 < s < k to encode the
predicate by the maximum operator.

Computational considerations. To obtain computational
tractability for the maximum operator when r > kin Eq. (19), we
apply a similar idea as for the Boolean encoding of the disjunction
operator by introducing the binary variable q’r‘ ",f to indicate which
value is the largest. Specifically, we use the following constraints
to replace (19) in the case that T > k:

= qu|k =1, (20a)
T = o0 (e, ), 5 =0, k. (20b)
r‘b‘k < mm WXk, ) + M(1 — qﬂk) s=0,...,k, (20c)
Pz min (e y) = (1= QM. s =0, k. (20d)

Consequently, quk =1iffr rﬂk = minyeg, , #(Xz|ks Y)-

Summary of quantitative encoding. To encode Fg)lk in the
optimization problem (12), we encode predicates by Eqgs. (19)
and (20) instead of Eq. (11). We again encode Boolean and tem-
poral operators in the same way as in the closed-loop case in
Section 4.2.

The complexity of the optimization problem in (12) for the
closed-loop is in general that of a mixed integer program which
is NP-hard. Compared to a standard solution to deterministic STL
control problems (Raman et al., 2014), our closed-loop formu-
lation at time k introduces more constraints due to the explicit
consideration of all previously predicted regions. This approach
generates approximately k+ 1 times more nonconvex constraints
than that we discussed at the end of Section 4.

5.3. Closed-loop predictive control synthesis

We now present our closed-loop control framework. At each
time k, we observe the realization of Y,, compute the control
sequence u;’;w_l = u;lk, cee, “ﬂ,—l\k based on the previous pre-
diction regions B;;,0 < s < k, by solving the optimization
problem in (12), where Eg"k and Fg’lk are encoded as we de-
scribed in the last subsection. Then, we apply the first element
u;; of u?;:w_] to the system in (1) before we repeat the process.
Naturally, we do so in a shrinking horizon manner where the
prediction horizon decreases by one at each time.

Theorem 6 (Closed-Loop Control). Let the conditions from Problem
1 hold. Suppose the optimization problem in (12) is feasible at the
initial time k = 0, where the predicates are encoded as in (17) and
(18) (qualitative encoding) or (20) (quantitative encoding). Then, the
probability of (12) being feasible at every time step k € {1,..., Ty —
1} is larger than or equal to 1— 8. Furthermore, applying u;‘;lk results
in Prob(SE¢)>1-46.



X. Yu, Y. Zhao, X. Yin et al.

Y,2: Room 2 : x: Room 1 : Y,3: Room 3
temp. | temp. | temp.

Fig. 2. The floor plan of the hall.
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Fig. 3. Nonconformity scores Rgi (left) and R(CJZ (right) on D¢y in the temperature
control case.
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Fig 4. Empirical validation results about the coverage of Rgi < Cor (left) and

Ra < Cq (right) in the temperature control case.

The probabilistic nature of recursive feasibility in our frame-
work arises from the uncertainty in predicting the state Y} of
uncontrollable agents at time k. Since Yy, is uncontrollable and
unbounded, we cannot provide deterministic guarantees. Instead,
we rely on probabilistic statements to ensure that recursive fea-
sibility holds with high probability. Recent literature (Fiacchini,
Mammarella, & Dabbene, 2024) has also adopted probabilistic
statements to describe recursive feasibility in the presence of
unbounded stochastic uncertainty. This probabilistic guarantee is
particularly relevant in practical applications where behavior of
uncontrollable agents (e.g., pedestrians) cannot be deterministi-
cally bounded.

6. Case studies

In this section, we illustrate our control method on two case
studies. All simulations are conducted in Python 3 and we use
SCIP (Bestuzheva et al., 2023) to solve the optimization problem.
Our implementations are available at https://github.com/Xinyi-
Yu/STL-Synthesis-among-Uncontrollable-Agents, where more de-
tails can be found.

6.1. Building temperature control

We consider the temperature control of a public space in a hall
with floor plan shown in Fig. 2. Specifically, we can control the
temperature of Room 1, which is the public space, while Rooms
2 and 3 are uncontrollable for us, e.g., these may be meeting
rooms where the temperature can only be adjusted manually.
Formally, the dynamics of the system are given as x;1; = X, +
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Ts(e(Te — Xk) + ay(Ty — Xi)ug), where the state x, € X = [0, 45]
denotes the temperature of the public space at time k, the control
input uy € U = [0, 1] is the ratio of the heater valve, 7, is the
sampling time for the discrete dynamics, T, = 55°C is the heater
temperature, T, = 5°C is the outside temperature, and «, = 0.06
and oy = 0.08 are heat exchange coefficients. The initial state is
Xo = 5. The model is adopted from Jagtap et al. (2020).

System Specification. The task is to ensure that the difference
between the temperatures in the public space and the two meet-
ing rooms is bounded, e.g., such that during transition between
rooms people feel comfortable. Let Y;, and Y;3 denote the uncon-
trollable random variables describing the temperatures of Rooms
2 and 3. In particular, we require that, the difference between x
and the temperatures of Y;, and Y;3 should be below a threshold
of 5°C for at least an hour starting from within the first 4 minutes.
We set the sampling time to be t; = 2 minutes, and we describe
the task as ¢ := F0,21G[0,30] (X— Yo <5AX—Y, > —5Ax—Y,;3 <
5Ax—Y3 > —5). In this case, we set the failure probability to
be 15%, i.e., § := 0.15.

Behavior of uncontrollable rooms. The group of people will
adjust the temperature in the rooms based on their individual
temperature preferences when they enter the meeting room. We
assume the temperature variation in Y;, and Y,3 generated by this
adjustment is described by Newton’s Law of Cooling (Vollmer,
2009).

Data Collection. We collected 2000 trajectories of temper-
ature trajectories for Rooms 2 and 3 - generated as described
before. We split them into training (used for the trajectory pre-
dictor), calibration (used for conformal prediction), and test (used
for validation) datasets with sizes |Dyqin| = 500, |Deq| = 500 and
|Deest| = 1000, respectively. From the training data Dyq;,, we train
a long-short-term memory (LSTM) network to make predictions
about the room temperature. We note that we warm-start the
LSTM at time k = 0 with data, e.g., the LSTM is fed with past
information y_g,...,y_1.

Multi-agent prediction regions. F1g 3 shows histograms of
the nonconformity scores Rgi and RCL evaluated on D.y. From
these histograms of nonconformity scores, we compute Cp; =
0.863 and C¢ := 1.033 according to Theorems 1 and 5. Next, we
empirically validate the correctness of the prediction regions in
(3) and (13). We perform the following two experiments 1000
times each. In the first experiment, we randomly sample 150
calibration trajectories from D and 150 test trajectories from
Diest. Then, we construct Co; and Cq from the 150 calibration
trajectories and comgute the ratio of how many of the 150 test
trajectories satisfy Roi < Co and Ra < (g, respectively. Fig.
4 shows the histogram over these ratios, and we can observe
that the result achieves the desired coverage 1 — § = 0.85.
In the second experiment, we randomly sample 150 calibration
trajectories from D,y and 1 test trajectories from D.. Then,
we construct Co; and Cq from the 150 calibration trajectorles
and check whether or not the sampled test data satisfies ROL <

Cor and Ra < Cc, respectively. We find a ratio of 0.913 for
Rgi < Cq; and a ratio of 0.871 for Rgz < (¢, respectively, which
further empirically confirms (3) and (13). For one of these test
trajectories, Fig. 5 shows the prediction regions by shaded areas
defined by Y|k and C;x for t > k where k = 0, k = 8, k = 16
and k = 26 from the left to the right, respectively.

Prediction region comparison. We compare our method with
Cleaveland et al. (2024), where a parameterized prediction error
was proposed. Instead of computing the maximum prediction
error o as in (4) and (14), they proposed an optimization-based
method to obtain an in some sense optimal o that results in
small prediction regions (see Cleaveland et al. (2024) for details).
Specifically, they formulate the problem as a mixed integer linear
complementarity program (MILCP). We extend their framework
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Fig. 7. The comparison result of the open-loop prediction regions of the first
case study.

to the multi-agent case and solve the optimization problem with
CasADI (Andersson, Gillis, Horn, Rawlings, & Diehl, 2019). The
result is shown in Fig. 7. Our computation time is 0.007 s, much
less than theirs, which is 2.82 s. Furthermore, the shape of the
region looks similar. Note that although they claim they can
find the smallest prediction region theoretically, it is sometimes
difficult to realize this in practice due to nonconvexity of the
optimization problem.

Qualitative predictive control synthesis. We run the open-
loop and closed-loop control frameworks 1000 times with data
from Dy, respectively, where the cost function is set to be the
minimum summation of squared control inputs as | := Z?:O uz.
In the open-loop control case, the problem is feasible for 1000
times, where the average computation time, average robustness,
and task satisfaction rate* are 0.148 s, 0.15, and 0.955, respec-
tively. In the closed-loop control case, the problem is feasible at
the initial time k = 0 for 999 times,” and recursive feasibility
is achieved for 986 times, where the average total computation
time, average robustness, and task satisfaction rate are 5.90 s,
0.07, and 0.987, respectively. We remark that the closed-loop

4 The task satisfaction rate is computed as the ratio between the number
of times ¢ is satisfied and the number of times the optimization problem is
feasible at time k = 0.

5 We note the difference in initial feasibility compared to the open-loop
controller, which is caused since prediction regions B of the closed-loop
controller are more conservative.
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controller has slightly lower robustness than the open-loop con-
troller. This is since the closed-loop prediction regions By for
large k appear to be less conservative than open-loop predic-
tion regions. We also see that the closed-loop controller has a
higher task satisfaction rate since the controller can update the
control inputs in a receding horizon fashion to observations of
the uncontrollable agents. Fig. 5 shows one of the results of the
proposed control framework with the qualitative encoding. Fig.
5(a) specifically presents the result of the open loop controller
where the prediction regions are large for large =, while Figs.
5(b)(c)(d) present the result of the closed loop controller at times
k = 8, 16, 26, respectively.

Quantitative predictive control synthesis. Similar to the qual-
itative control, we run the open-loop and closed-loop control
frameworks with quantitative encoding 1000 times with data
in Dy, respectively, where we enforce the robust semantics to
be larger than 1, i.e, f(‘flk > 0, and we maximize Fg"k in the
cost function, i.e., we set | = —F(‘flk. In the open-loop control
case, the problem is feasible for 927 times, where the average
computation time, average robustness, and task satisfaction rate
are 1.79 s, 2.92, and 1, respectively. In the closed-loop control
case, the problem is feasible at the initial time k = 0 for 923
times, and the recursive feasibility is achieved for 890 times,
where the average computation time, average robustness, and
task satisfaction rate are 147.29 s, 2.80, and 0.964, respectively.
The closed-loop controller has a lower task satisfaction rate than
the open-loop controller due to the nonconvexity of the optimiza-
tion problem and performance issues of our solver in practice. It
is worthy noting that the computation time of the quantitative
encoding is greater than that of the qualitative encoding, although
it may achieve better robustness performance. As we can see in
the result in Fig. 6, the trajectory stays near the center of the
prediction regions, leading to higher robustness.

6.2. Robot motion planning

We consider the planar motion of a single robot (denoted by
R1) with double integrator dynamics and a sampling period of 1 s,
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which is described as

1 1 0 O 05 O
01 0 O 1 0
¥e1=1 90 0 1 1 |[%T|[ o o5 |%
0 0 0 1 0 1
where the state x, = [py vy p, vj]" denotes the x-position, x-

velocity, y-position and y-velocity, and where the control input
uy = [uy uy]” denotes the x-acceleration and y-acceleration,
respectively. The physical constraints are x € X = [0, 10] x
[-1.5,1.5] x[0,10] x [-1.5,1.5]andu e Y = [—1, 1] x [—1, 1].
The initial state is X, = [1, 0, 1, 0]". Furthermore, we have one
more uncontrollable agent (denoted by R,) and its state Y, =
[P? P7]" denotes the x-position and y-position. Then we define
the joint state as s, = [p; vy py v, P; Pj]T. In this case, R; is
controllable and R; is uncontrollable.

System Specification. The objective of the two robots is to
visit specific regions to perform specific tasks, such as collecting
packages and transporting them to a final destination. For this
collaborative task, R, is the leader and R; should follow R;.
Specifically, R, should arrive and stay in the left blue region and
top blue region, as shown in Fig. 10, within the time intervals
[4, 6] and [9, 13], respectively. After that, starting from a certain
time instant between the time interval [16, 18], Ry and R, should
stay in bottom right red and blue regions respectively for at least
2 time instants. During the task execution, the distances between
two agents should be at most D meters such that two robots can
communicate or perform collaborative tasks. Furthermore, two
robots should always avoid the obstacles (gray shaded areas). In
particular, such a task can be described by:

¢ =G A Gpo,137"2 A Fu6,181Gpo,2) (% A w4)
A G[O 20](7-[#5!05@ A n—/‘dobsl A nMDbSZ )’

where ju; := min(P?,2 — P2, P — 4,6 — P?), 1 = min(P} —
3.5,6.5—P2, P2—8, 10—P2), i3 := min(P2—8.5, 10— P2, P2, 2—

P}) and 4 = min(p; — 7,8.5 — py,p,, 2 — P}) represent the
tasks for R, in the left blue region, R, in the top blue region,
R, in the bottom right blue region, and R; in the bottom red
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region, respectively. Here, wciose := D — min(P2 —p}, p} — P2, Pj —
py. b, — P;) is the predicate regarding the distance requirement
between the two robots where we set D = 2. The predicates
Iobst = min(max(1.6 — py, py — 2.6,2 — pj, p) — 3), max(8.3 —
py-Py — 9.3,6.5 — p),p) — 7.5), max(5.7 — p,,py — 6.7,2.7 —
Py, py—3.7)) and pepsy := min(max(1.6—P7, P{ —2.6,2—P;, P; —

x°0x yly
3), max(8.3—P7, P{ —9.3,6.5—P}, P, —7.5), max(5.7 — P;, P; —

6.7, 2.7 — P}, P} —3.7)) describe the tasks for obstacle avoidance.
We decompose ¢ into two task for each of the two robots as
follows

®r, = Fp16,181Gpo,2177"4 A Gy 20)(7r/0se A srHobst),

®r, = Gpae"" A Gio 13372 A Frig,181Go,2177"2 A Gio 201782,

As R, will lead the task, its behavior will not be influenced by
R1. On the other hand, R; is responsible for the task jtose Which
means it should always track the behavior of R,. Regarding the
execution of the task, we only enforce R to achieve ¢, instead
of ¢, which makes sense in the leader-follower setting of this case
study.

Motion of uncontrollable agent. We set R,’s dynamical
system as Yg+1 = f(Vk, u{)—i—wk where f(yy, u}:) describes the same
double integrator dynamics as for Ry, and wy € W is a uniformly
distributed disturbance from the set W ([-0.15,0.15] x
[0,0])%2. We compute an closed-loop control sequence for R,
under the task ¢, using a standard MIP encoding (Raman et al.,
2014).

Data collection. We collected 2000 trajectories of the un-
controllable agent. We split the data into training, calibration,
and test datasets with sizes |Dyqin| = 500, |De| = 500, and
|Deest] = 1000, respectively. We again trained an LSTM on Dygip
for trajectory prediction.

Prediction regions. Fig. 8 shows histograms of the noncon-
formity scores RO)L and Ra) evaluated on D.y. Based on these
nonconformity scores, we have that Co; = 0.876 and Cq = 0.997
by using § = 0.15. Next, we empirically validate the correctness
of the prediction regions by checking whether or not (3) and (13)
hold on D¢ by the same two experiments as the temperature
control case. Fig. 9 shows the histogram over the result of the
ratios in the first experiment, and we can observe that the result
achieves the desired coverage 1 — & 0.85. In the second
experiment, we obtain a ratio of 0.854 for Rgi < Co. and a ratio of
0.894 for Rgz < Cq, respectively, which also empirically confirms
(3) and (13). For one of these test trajectories, Fig. 10 shows the
prediction regions defined by Y, and C; |, for t > k where k = 0,
k =6, k = 12 and k = 18, respectively.

Predictive control synthesis. As in our first experiment, we
run the open-loop and the closed-loop controller with the quali-
tative encoding 1000 times with data from Di.s. The cost function
encodes the trade off between the sum of the squared control
inputs and velocities as | = 72 (0.97[u]|* + 0.03(v})? +
0.03(v}} ). In the open-loop control case, the problem is feasible
for 1000 times, where the average computation time, average
robustness, and task satisfaction rate are 0.70 s, 0.06490, and
1, respectively. In the closed-loop control case, the problem is
feasible at the initial time k = 0 for 1000 times, with recur-
sive feasibility in all cases, where the average total computation
time, average robustness, and task satisfaction rate are 14.80 s,
0.06489, and 1, respectively. The closed-loop case has again a
slightly lower robustness for the same reasons as in the first
experiment. Fig. 10 shows one of the results of the proposed
control framework, where we can see that robot R; will use the
prediction regions of R, to compute a control input that results in
task satisfaction. Fig. 10(a) specifically presents the result of the
open loop controller while Figs. 10(b)(c)(d) present the result of
the closed loop controller at times k = 6, 12, 18, respectively.
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Fig. 10. The result of the robot motion planning of the second case study.
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