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 A B S T R A C T

This paper investigates the online monitoring problem for cyber–physical systems under signal 
temporal logic (STL) specifications. The objective is to design an online monitor that evaluates 
system correctness at runtime based on partial signal observations up to the current time so 
that alarms can be issued whenever the specification is violated or will inevitably be violated 
in the future. We consider a model-predictive setting where the system’s dynamic model is 
available and can be leveraged to enhance monitoring accuracy. However, existing approaches 
are limited to a restricted class of STL formulae, permitting only a single application of temporal 
operators. This work addresses the challenge of nested temporal operators in the design of 
model-predictive monitors. Our method utilizes syntax tree structures to resolve dependencies 
between temporal operators and introduces the concept of basic satisfaction vectors. A new 
model-predictive monitoring algorithm is proposed by recursively updating these vectors online 
while incorporating pre-computed satisfaction regions derived from offline model analysis. We 
prove that the proposed approach is both sound and complete, ensuring no false or missed 
alarms. Case studies are provided to demonstrate the effectiveness of our method.

. Introduction

Specification-based monitoring has emerged as a popular approach for evaluating the safety and correctness of complex 
ngineering cyber–physical systems, such as smart cities [1], autonomous vehicles [2], and industrial IoTs [3]. In this context, 
 monitor observes the state trajectory generated by the system and evaluates the correctness of the trajectory based on a given 
ormal specification [4–6]. Compared with formal verification techniques such as model checking, the key advantage of monitoring 
s that it is more lightweight, as it only assesses the correctness of the system along a single observed trajectory without explicitly 
numerating the entire reachable state space. Therefore, monitoring can be designed independently and implemented as an add-on 
odule for arbitrary systems—even those treated as black boxes.
In recent years, significant advancements have been made in designing monitoring algorithms for various types of formal spec-

fications, such as Linear Temporal Logic (LTL) [7], Metric Temporal Logic (MTL) [8,9], and Signal Temporal Logic (STL) [10,11]. 
mong these, STL has become one of the most widely used formal specifications for CPS due to its ability to characterize complex 
patio-temporal constraints in real-valued, real-time physical signals. Monitoring algorithms can be further categorized into offline 
onitoring [9,12] and online monitoring [8,10], depending on the information available to the monitor. In the offline setting, the 
onitor evaluates the correctness of a system using the entire trajectory. However, this approach is unsuitable for systems operating 

I This article is part of a Special issue entitled: ‘TC1.3 Discrete-event and hybrid systems(IFAC WC 2026)’ published in Nonlinear Analysis: Hybrid Systems.
I This work was supported by the National Natural Science Foundation of China (62573291,62533017,62173226).
∗ Corresponding author.
E-mail addresses: coolhantao@sjtu.edu.cn (T. Han), syli@sjtu.edu.cn (S. Li), yinxiang@sjtu.edu.cn (X. Yin).
ttps://doi.org/10.1016/j.nahs.2026.101772
eceived 1 November 2025; Received in revised form 6 March 2026; Accepted 29 May 2026
vailable online 10 June 2026 
751-570X/© 2026 Elsevier Ltd. All rights are reserved, including those for text and data mining, AI training, and similar technologies. 

https://www.elsevier.com/locate/nahs
https://www.elsevier.com/locate/nahs
mailto:coolhantao@sjtu.edu.cn
mailto:syli@sjtu.edu.cn
mailto:yinxiang@sjtu.edu.cn
https://doi.org/10.1016/j.nahs.2026.101772
https://doi.org/10.1016/j.nahs.2026.101772


T. Han et al. Nonlinear Analysis: Hybrid Systems 62 (2026) 101772 
in real time, where only the signal generated up to the current moment is accessible. In contrast, online monitoring algorithms must 
account for all possible future behaviors to issue early warnings or terminate processes before a specification violation occurs. As a 
result, online monitoring is widely adopted in safety-critical systems as a predictive add-on component to ensure operational safety.

Due to the physical dynamics of the system, online signals are not arbitrary in general but follow underlying rules. By leveraging 
information about system behavior, we can better reason about the feasibility or likelihood of future signals, enabling more precise 
monitoring decisions [13]. To this end, predictive monitoring has recently emerged for systems with either an explicit model or a large 
dataset of operational history. For example, in [14–17], neural networks trained on historical data are used to predict future signals 
in order to improve monitoring accuracy. However, since these approaches adopt a data-driven methodology, their predictions may 
be unreliable. To address this, uncertainty quantification techniques, such as conformal predictions, are often employed to ensure 
prediction confidence [18–20]. While effective, these methods may introduce additional conservatism into the final monitoring 
results.

More recently, by leveraging the explicit system model of the underlying dynamical system, a new framework called model-
predictive monitoring has been proposed in [21]. This approach further improves monitoring accuracy when a precise system model 
is available. By integrating offline reachability computations with online satisfaction evaluation, it achieves an effective balance 
between computational complexity and accuracy. In [22], a self-triggered information acquisition mechanism is introduced for 
model-predictive monitoring to reduce state-sampling overhead. However, existing model-predictive monitoring algorithms remain 
limited to a simple fragment of STL specifications and nested temporal operators, e.g., ‘‘eventually always stays in a region’’, are 
currently unsupported.

In this work, we investigate the design of model-predictive online monitors for signal temporal logic specifications. Unlike 
existing approaches, we consider a general fragment of STL that permits nested temporal operators. This nested setting introduces 
fundamental challenges beyond prior works, which track STL formula progress using an index set of remaining formulae. However, 
this approach fails under nested temporal constraints due to dependencies between operators. To address this, we propose to use 
syntax trees [23–25] to resolve temporal operator dependencies, and use basic satisfaction vectors as dynamically updated key 
information during online monitoring. Our algorithm leverages these vectors, updated recursively in real time, along with pre-
computed safety regions derived from offline model analysis. This framework successfully extends model-predictive monitoring to 
general STL specifications. Case studies are also provided to demonstrate the effectiveness of our approach.

2. Preliminary

2.1. System model

We consider a discrete-time control system of form 
𝑥𝑘+1 = 𝑓 (𝑥𝑘, 𝑢𝑘), (1)

where 𝑥𝑘 ∈  ⊂ R𝑛 denotes the system state at time instant 𝑘 ∈ Z≥0, 𝑢𝑘 ∈  ⊂ R𝑚 represents the control input at time instant 𝑘
and 𝑓 ∶  × →  is the dynamic function of the system, assumed to be continuous in  × . We assume that the state space 
and input space   are both bounded due to physical constraints.

Suppose that the system state is 𝑥𝑘 at time instant 𝑘. Then given a sequence of control inputs 𝐮𝑘∶𝑇−1 = 𝑢𝑘𝑢𝑘+1 … 𝑢𝑇−1 ∈  𝑇−𝑘, 
the corresponding state trajectory generated by the system is defined as 𝜉𝑓 (𝑥𝑘,𝐮𝑘∶𝑇−1) = 𝐱𝑘+1∶𝑇 = 𝑥𝑘+1 … 𝑥𝑇 ∈ 𝑇−𝑘, where each 
subsequent state satisfies the recursive relation 𝑥𝑖+1 = 𝑓 (𝑥𝑖, 𝑢𝑖) for all 𝑖 = 𝑘,… , 𝑇 − 1.

2.2. Signal temporal logic

We adopt Signal Temporal Logic (STL) as the formal specification language to evaluate trajectory correctness. The syntax of STL 
formulae is recursively defined as:

𝛷 ∶∶= ⊤ ∣ 𝜋𝜇 ∣ ¬𝛷 ∣ 𝛷1 ∧𝛷2 ∣ 𝛷1𝐔[𝑎,𝑏]𝛷2,

where ⊤ is the true predicate and 𝜋𝜇 is an atomic predicate whose truth value is determined by the sign of its underlying predicate 
function 𝜇 ∶ R𝑛 → R. Specifically, an atomic predicate 𝜋𝜇 is true at state 𝑥𝑘 when 𝜇(𝑥𝑘) ≥ 0; otherwise it is false. Operators ¬ and ∧
are the standard Boolean operators ‘‘negation’’ and ‘‘conjunction’’, respectively. One can further use them to induce other operators 
such as ‘‘disjunction’’ 𝛷1∨𝛷2 ∶= ¬(¬𝛷1∧¬𝛷2) and ‘‘implication’’ 𝛷1 → 𝛷2 ∶= ¬𝛷1∨𝛷2. 𝐔[𝑎,𝑏] is the temporal operator ‘‘until’’, where 
𝑎, 𝑏 ∈ Z≥0 are two integers with 𝑎 ≤ 𝑏. Note that, since we consider discrete-time setting, [𝑎, 𝑏] is the set of all integers between 𝑎
and 𝑏 including themselves.

Let 𝐱 = 𝑥0𝑥1 …  be a state sequence, 𝑘 ∈ Z≥0 be a time instant and 𝛷 be an STL formula. We denote by (𝐱, 𝑘) ⊧ 𝛷 if sequence 
𝐱 satisfies STL formula 𝛷 at time instant 𝑘. The reader is referred to [26] for more details on the semantics of STL formulae. 
Particularly, for atomic predicates, we have (𝐱, 𝑘) ⊧ 𝜋𝜇 iff 𝜇(𝑥𝑘) ≥ 0, i.e., 𝜇(𝑥𝑘) is non-negative for the current state 𝑥𝑘, and for 
temporal operators, we have (𝐱, 𝑘) ⊧ 𝛷1𝐔[𝑎,𝑏]𝛷2 iff there exists 𝑘′∈[𝑘 + 𝑎, 𝑘 + 𝑏] such that

(𝐱, 𝑘′) ⊧ 𝛷2 ∧ (∀𝑘′′∈[𝑘, 𝑘′])[(𝐱, 𝑘′′) ⊧ 𝛷1],

i.e., 𝛷2 will eventually be satisfied at some instant between [𝑘 + 𝑎, 𝑘 + 𝑏] and 𝛷1 holds consistently before then. Furthermore, we 
can also induce temporal operators:
2 
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• ‘‘eventually ’’ 𝐅[𝑎,𝑏]𝛷 ∶= ⊤𝐔[𝑎,𝑏]𝛷 such that it holds when (𝐱, 𝑘) ⊧ 𝛷 for some 𝑘′ ∈ [𝑘 + 𝑎, 𝑘 + 𝑏];
• ‘‘always’’ 𝐆[𝑎,𝑏]𝛷 ∶= ¬𝐅[𝑎,𝑏]¬𝛷 such that it holds when (𝐱, 𝑘) ⊧ 𝛷 for any 𝑘′ ∈ [𝑘 + 𝑎, 𝑘 + 𝑏].

We write 𝐱 ⊧ 𝛷 whenever (𝐱, 0) ⊧ 𝛷. We assume that the operation horizon 𝑇  is sufficiently long to evaluate the satisfaction of 𝛷.

3. Problem formulation

3.1. Fragment of STL formulae

In this paper, we consider the following slightly restricted fragments of STL formulae 
𝜑 ∶∶= ⊤ ∣ 𝜋𝜇 ∣ ¬𝜑 ∣ 𝜑1 ∧ 𝜑2 (2a)

𝛷 ∶∶= 𝐅[𝑎,𝑏]𝛷 ∣ 𝐆[𝑎,𝑏]𝛷 ∣ 𝛷1𝐔[𝑎,𝑏]𝛷2 ∣ 𝛷1 ∧𝛷2 ∣ 𝜑. (2b)

Compared to the full fragment of STL, we require that negation can only be applied to Boolean operators. Therefore, the overall STL 
formula considered is the conjunction of a set of sub-formulae in which nested temporal operators can be applied to an arbitrary 
Boolean formula.

For technical purposes, we introduce a new temporal operator 𝐔′, defined by: (𝐱, 𝑘) ⊧ 𝛷1𝐔′
[𝑎,𝑏]𝛷2 iff there exists 𝑘′ ∈ [𝑘+ 𝑎, 𝑘+ 𝑏]

such that
(𝐱, 𝑘′) ⊧ 𝛷2 ∧ (∀𝑘′′ ∈ [𝑘 + 𝑎, 𝑘′])[(𝐱, 𝑘′′) ⊧ 𝛷1].

Compared to the original definition of ‘‘until’’, the key difference is that the effective horizon of 𝐔[𝑎,𝑏] is [0, 𝑏], while the effective 
horizon of 𝐔′

[𝑎,𝑏] is [𝑎, 𝑏]. Throughout this paper, we will refer to 𝐔′
[𝑎,𝑏] as the ‘‘until’’ operator. This replacement is primarily technical 

and does not lose generality, as the standard 𝐔 can always be expressed as
(𝐱, 𝑘) ⊧ 𝛷1𝐔[𝑎,𝑏]𝛷2 ⇔ (𝐱, 𝑘) ⊧ (𝛷1𝐔′

[𝑎,𝑏]𝛷2) ∧ (𝐆[0,𝑎]𝛷1).

Recall that for the predicate 𝜋𝜇 in (2a), its satisfaction region, denoted by 𝜇 , is the solution to the inequality 𝜇(𝑥) ≥ 0, 
i.e., 𝜇 = {𝑥 ∈  ∣ 𝜇(𝑥) ≥ 0}. For other Boolean operators, we have ¬𝜑 =  ⧵ 𝜑 and 𝜑1∧𝜑2 = 𝜑1 ∩ 𝜑2 . The satisfaction 
region of constant true predicate ⊤ is the entire state space  . Therefore, instead of writing 𝜑, we will hereafter simply denote it 
as 𝑥 ∈ 𝜇 or 𝑥 ∈ , using its satisfaction region.

Additionally, while we consider the temporal operator ‘‘eventually’’ (𝐅) in the semantics, it is subsumed by ‘‘until’’ (𝐔′) since 
𝐅[𝑎,𝑏]𝛷 can be expressed as 𝑥 ∈ 𝐔′

[𝑎,𝑏]𝛷. Thus, we only need to handle the temporal operators 𝐆 and 𝐔′ from a technical standpoint.
Based on the above discussion, the STL formula 𝛷 in (2) can be equivalently expressed as: 

𝛷 ∶∶= 𝐆[𝑎,𝑏]𝛷 ∣ 𝛷1𝐔′
[𝑎,𝑏]𝛷2 ∣ 𝛷1 ∧𝛷2 ∣ 𝑥 ∈  (3)

3.2. Online monitoring of STL

At time 𝑘 ≤ 𝑇 , the system only generates a partial signal 𝐱0∶𝑘 = 𝑥0𝑥1 … 𝑥𝑘 (called a prefix) and the remaining signals 𝐱𝑘+1∶𝑇
(called suffix) will be available in the future. Therefore, with a partial signal 𝐱0∶𝑘, we denote by

• 𝐱0∶𝑘 ⊧ 𝛷 if ∀𝐱𝑘+1∶𝑇 ∈ 𝑇−𝑘 ∶ 𝐱0∶𝑘𝐱𝑘+1∶𝑇 ⊧ 𝛷;
• 𝐱0∶𝑘 ̸⊧ 𝛷 if ∀𝐱𝑘+1∶𝑇 ∈ 𝑇−𝑘 ∶ 𝐱0∶𝑘𝐱𝑘+1∶𝑇 ̸⊧ 𝛷;
• 𝐱0∶𝑘 ⊧? 𝛷 otherwise.

Note that the above partial signal evaluation does not account for system dynamics. In other words, some suffixes in 𝐱𝑘+1∶𝑇 ∈
𝑇−𝑘 may be dynamically infeasible. Thus, in the context of model-predictive monitoring, we further classify a prefix signal 𝐱0∶𝑘 as

• violated if, for any control input u𝑘∶𝑇−1, we have 𝐱0∶𝑘𝜉𝑓 (𝑥𝑘, u𝑘∶𝑇−1) ̸⊧ 𝛷;
• feasible if, for some control input u𝑘∶𝑇−1, we have 𝐱0∶𝑘𝜉𝑓 (𝑥𝑘, u𝑘∶𝑇−1) ⊧ 𝛷.

Intuitively, a prefix signal is violated when either the current state already violates the specification or when all possible future 
trajectories will violate it inevitably. For instance, consider a safety specification 𝐆[0,𝑇 ]𝑥 ∈ . If the system reaches any state 𝑥𝑘 ∉ 
for 𝑘 < 𝑇 , this immediately constitutes a violation. More subtly, even when the current state satisfies the predicate, the prefix is 
violated if from state 𝑥𝑘 there exists no control sequence u𝑘∶𝑇−1 that can generate a trajectory 𝜉𝑓 (𝑥𝑘, u𝑘∶𝑇−1) remaining entirely 
within  throughout the remaining horizon.

Problem 1 (Model-Predictive Online Monitoring). Given a system with dynamic in  (1) and an STL formula 𝛷, design an online monitor
 ∶ ∗ → {𝚟𝚒𝚘, 𝚏𝚎𝚊𝚜} (4)

such that, for any prefix 𝐱0∶𝑘 ∈ ∗, we have
• (𝐱0∶𝑘) = 𝚟𝚒𝚘 iff 𝐱0∶𝑘 is violated;
• (𝐱 ) = 𝚏𝚎𝚊𝚜 iff 𝐱  is feasible.
0∶𝑘 0∶𝑘

3 
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4. Tree of nested STL formulae

The main challenge in handling STL formulae with nested temporal operators lies in the dependency between inner and outer 
operators. For instance, consider the STL formula 𝐆[𝑎1 ,𝑏1]𝐅[𝑎2 ,𝑏2]𝜑. This formula requires that the inner formula 𝐅[𝑎2 ,𝑏2]𝜑 must be 
satisfied for all time instants between 𝑎1 and 𝑏1. Specifically, starting from any time instant within [𝑎1, 𝑏1], the system should satisfy 
𝜑 within the interval [𝑎2, 𝑏2] from that point onward. Consequently, evaluating the correctness of a trajectory requires a total horizon 
of [𝑎1 + 𝑎2, 𝑏1 + 𝑏2]. To address this dependency clearly, we introduce the concepts of syntax tree and satisfaction vector. These tools 
help systematically resolve the dependencies between nested temporal operators.

4.1. Syntax trees for STL formulae

Hereafter, we will equivalently represent an STL formula by a rooted tree, which is a finite directed acyclic graph (DAG) with a 
unique root node and no cycles. It can be expressed as a 4-tuple

 = (𝑉 ,𝐿,𝐸, 𝑣root),

where:

• 𝑉 = {𝑣1, 𝑣2,… , 𝑣𝑚} is the set of nodes;
• 𝐿 = {𝑙, 𝑟, ⊥} is a label set, where 𝑙 and 𝑟 denote ‘‘left’’ and ‘‘right’’, respectively, and ⊥ denotes ‘‘no order’’;
• 𝐸 ⊆ 𝑉 × 𝐿 × 𝑉  is the set of edges, where each (𝑣,𝓁, 𝑣′) ∈ 𝐸 indicates that 𝑣′ is a child node of 𝑣, and is specifically a left or 
right child if 𝓁 = 𝑙 or 𝓁 = 𝑟, respectively;

• 𝑣root ∈ 𝑉  is the unique root node with no parent.

Clearly, a rooted tree induces a partial order ≺ on 𝑉 , where 𝑣′ ≺ 𝑣 iff 𝑣 is an ancestor of 𝑣′. For each node 𝑣, we denote by 
𝖼𝗁𝗂𝗅𝖽(𝑣) = {𝑣′ ∣ ∃𝓁 ∈ 𝐿 ∶ (𝑣,𝓁, 𝑣′) ∈ 𝐸} the set of its children. Also, we denote by 𝖼𝗁𝗂𝗅𝖽 − 𝗅(𝑣) and 𝖼𝗁𝗂𝗅𝖽 − 𝗋(𝑣) the left and right child of 
𝑣, respectively, if they exist.

In order to represent an STL formula as a tree, we introduce the following four types of nodes:

• -nodes: Each node represents a satisfaction region of a Boolean formula. Such nodes have no children, as Boolean formulae 
are always at the innermost level of the entire formula.

• ∧-nodes: Each node represents the Boolean operator ‘‘conjunction’’ and has two or more unordered children. These nodes are 
evaluated instantly, meaning there is no time interval associated with them.

• 𝐆-nodes: Each node represents the temporal operator ‘‘always’’ and has exactly one child. Such nodes are associated with a 
time interval that determines the evaluation period of their descendants.

• 𝐔′-nodes: Each node represents the temporal operator ‘‘until’’ and has both a left and a right child. These nodes are also 
associated with a time interval that determines the evaluation period of their descendants.

Now, we are ready to formally define the syntax tree. 

Definition 1 (Syntax Trees). Let 𝛷 be an STL formula defined by syntax in  (3). The syntax tree of STL formula 𝛷, denoted by 
𝛷 = (𝑉𝛷, 𝐿, 𝐸𝛷, 𝑣root,𝛷), is defined recursively as follows:

• If 𝛷 = 𝛷1 ∧𝛷2 ∧⋯ ∧𝛷𝑛, then 𝑉𝛷 = (∪𝑛
𝑖=1𝑉𝛷𝑖

) ∪ {𝑣∧}, 𝐸𝛷 = (∪𝑛
𝑖=1𝐸𝛷𝑖

) ∪ {(𝑣∧, ⊥, 𝑣root,𝛷𝑖
) ∣ 𝑖 = 1,… , 𝑛}, and 𝑣root,𝛷 = 𝑣∧, where 𝑣∧

is a new ∧-node that does not exist in each 𝛷𝑖
;

• If 𝛷 = 𝐆[𝑎,𝑏]𝛷′, then 𝑉𝛷 = 𝑉𝛷′ ∪ {𝑣𝐆}, 𝐸𝛷 = 𝐸𝛷′ ∪ {(𝑣𝐆, ⊥, 𝑣root,𝛷′ )}, and 𝑣root,𝛷 = 𝑣𝐆, where 𝑣𝐆 is a new 𝐆-node that does not 
exist in 𝛷′  and it is associated with time interval [𝑎, 𝑏];

• If 𝛷 = 𝛷1𝐔′
[𝑎,𝑏]𝛷2, then 𝑉𝛷 = 𝑉𝛷1

∪ 𝑉𝛷2
∪ {𝑣𝐔′}, 𝐸𝛷 = 𝐸𝛷1

∪ 𝐸𝛷2
∪ {(𝑣𝐆, 𝑙, 𝑣root,𝛷1

), (𝑣𝐆, 𝑟, 𝑣root,𝛷2
)}, and 𝑣root,𝛷 = 𝑣𝐔′ , where 𝑣𝐔′

is a new 𝐔′-node does not exist in 𝛷1
 or 𝛷2

, and it is also associated with time interval [𝑎, 𝑏];
• If 𝛷 = 𝑥 ∈ , then 𝛷 only contains a single -node associated with predicate 𝑥 ∈ .

For each node 𝑣 ∈ 𝑉𝛷, we denote by [𝑎𝑣, 𝑏𝑣] its associated time interval, with 𝑎𝑣 = 𝑏𝑣 = 0 when 𝑣 is a ∧-node or an -node. 
Also, for each -node 𝑣 ∈ 𝑉 , we denote by 𝑣 the associated predicate region. Hereafter, we will omit the subscript 𝛷 and refer 
to  = (𝑉 ,𝐿,𝐸, 𝑣root) as the syntax tree of the formula 𝛷 when the context is clear. We use  𝑣 to denote the subtree with 𝑣 as the 
root node. The subtree  𝑣 represents a sub-formula 𝛷𝑣 of the original STL formula 𝛷. For ⋆ ∈ {∧,𝐆,𝐔′,}, we denote by 𝑉⋆ ⊆ 𝑉
the set of all ⋆-nodes in  . Furthermore, let

𝑉 = {𝑣1, 𝑣2,… , 𝑣𝑚},

and we assume that all -nodes are ordered as the first ℎ ≥ 1 elements, i.e., 𝑉 = {𝑣 ,… , 𝑣 }.
 1 ℎ

4 
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Fig. 1. Syntax Tree of STL formula (5).

4.2. Satisfaction vector

As discussed, for each node 𝑣 ∈ 𝑉  in the syntax tree, it evaluates its descendants nodes within the time interval [𝑎𝑣, 𝑏𝑣]. Note that 
this interval is relative to the local perspective, as 𝑣 may have ancestor nodes in the tree corresponding to outer operators whose 
time intervals also apply to 𝑣. Therefore, to determine the absolute time interval for evaluating node 𝑣 from a global perspective, 
one must consider the local time intervals of all its ancestors.

Formally, for each node 𝑣 ∈ 𝑉 , we denote by 𝖺𝗇𝖼𝖾𝗌(𝑣) = {𝑣′ ∈ 𝑉 ∣ 𝑣 ≺ 𝑣′} the set of all its ancestors. This set includes all nodes on 
the unique path from the root node to 𝑣 in  , excluding 𝑣 itself. Based on this, we introduce the following definition of evaluation 
horizon.

Definition 2 (Evaluation Horizons). Let   be the syntax tree of STL formula 𝛷 and 𝑣 ∈ 𝑉  be a node. Then the evaluation horizon of 
node 𝑣 is defined by

[𝗂𝗇𝗍𝑣, 𝖾𝗇𝖽𝑣] = [
∑

𝑣′∈𝖺𝗇𝖼𝖾𝗌(𝑣) 𝑎
𝑣′ ,

∑

𝑣′∈𝖺𝗇𝖼𝖾𝗌(𝑣) 𝑏
𝑣′ ].

For example, consider the following STL formula 

𝛷 = ((𝐆[1,3]𝑥 ∈ 1)𝐔′
[2,5]𝑥 ∈ 2) ∧ (𝐆[3,7]𝑥 ∈ 3). (5)

Its syntax tree   is shown in Fig.  1. For  node 𝑣1, its evaluation horizon is [𝗂𝗇𝗍𝑣1 , 𝖾𝗇𝖽𝑣1 ] = [2 + 1 = 3, 5 + 3 = 8].
Therefore, for each time instant 𝑡 ∈ [𝗂𝗇𝗍𝑣, 𝖾𝗇𝖽𝑣], it is meaningful to discuss the satisfaction status of node 𝑣. In general, there are 

three possible satisfaction statuses for a node: (i) satisfied, denoted by ‘‘1’’; (ii) violated, denoted by ‘‘0’’; and (iii) uncertain, 
denoted by ‘‘?’’. The last case arises when there is insufficient information to evaluate the node. For example, consider the formula 
𝐆[10,12]𝑥 ∈ . If the current time instant is 𝑘 = 8, then the satisfaction status of the -node for 𝑡 = 10, 11, 12 is uncertain because 
the evaluation horizon of the -node has not yet been reached. However, if at time instant 𝑘 = 10, the current state 𝑥𝑘 falls within 
the region , then the satisfaction status of the -node at 𝑡 = 10 becomes 1. However, the satisfaction status for future instants 
𝑡 = 11, 12 remains uncertain.

To capture this, we define the satisfaction status for each time instant within the evaluation horizon of a node as the satisfaction 
vector, as follows.

Definition 3 (Satisfaction Vectors). Let   be the syntax tree of STL formula 𝛷 and 𝑣 ∈ 𝑉  be a node with evaluation horizon [𝗂𝗇𝗍𝑣, 𝖾𝗇𝖽𝑣]. 
Then a satisfaction vector of node 𝑣 is a vector of form

𝚤 = (𝚤[𝗂𝗇𝗍𝑣], 𝚤[𝗂𝗇𝗍𝑣 + 1],… , 𝚤[𝖾𝗇𝖽𝑣]) ∈ {0, 1, ?}𝐻 ,

where 𝐻 = 𝖾𝗇𝖽𝑣 − 𝗂𝗇𝗍𝑣 + 1 is the length of its evaluation horizon and 𝚤[𝑡], 𝑡 = 𝗂𝗇𝗍𝑣,… , 𝖾𝗇𝖽𝑣 denotes its 𝑡th element.

For example, consider the leaf node 𝑣1 associated with 𝑥 ∈ 1 in Formula (5). Its evaluation horizon is [3, 8]. A specific satisfaction 
vector for 𝑣1 could be 𝜄𝑣1 = (1, 1, 0, ?, ?, ?) when 𝑡 = 6, where the length is 8 − 3 + 1 = 6. This vector indicates that:

• At time 𝑡 = 3 and 𝑡 = 4, the system state is inside 1 (status 1);
• At time 𝑡 = 5, the state is outside 1 (status 0);
• For 𝑡 = 6, 7, 8, the status is currently unknown (?).
5 
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This concrete vector forms part of the basic satisfaction vector tuple used in our algorithm.
In the above definition, we count the first element of 𝚤 starting from 𝚤[𝗂𝗇𝗍𝑣] rather than 𝚤[1] to align with the absolute time instant 

from the perspective of the root node. This ensures consistency between the indexing of the satisfaction vector and the actual time 
instants being evaluated.

For each node, its satisfaction vector is essentially determined by the vectors of its children nodes. Through an inductive argument 
based on the tree structure, once the satisfaction vector of each -node is known, we can compute the satisfaction vectors of all 
non-leaf nodes. Therefore, we refer to the satisfaction vector of an -node as a basic vector, as it serves as the foundation for inducing 
vectors for other nodes. This leads to the following definitions.

Definition 4 (Basic Vectors). A basic set of satisfaction vectors is a tuple of satisfaction vectors of the form

𝐼 = (𝚤𝑣1 ,… , 𝚤𝑣ℎ ) ∈ {0, 1, ?}𝐻1 ×⋯ × {0, 1, ?}𝐻ℎ ,

where 𝑉 = {𝑣1,… , 𝑣ℎ} is the set of all -nodes and for each 𝑖 = 1,… , ℎ, 𝐻𝑖 = 𝖾𝗇𝖽𝑣𝑖 − 𝗂𝗇𝗍𝑣𝑖 +1 represents the length of the evaluation 
horizon of 𝑣𝑖.

Hereafter, we will maintain basic vectors as time-updated information. For each time instant 𝑘 = 0, 1,… , 𝑇 , a basic set 
𝐼𝑘 = (𝚤𝑣1𝑘 ,… , 𝚤𝑣ℎ𝑘 ) must satisfy the following condition for each 𝑣 ∈ 𝑉 and 𝑡 = 𝗂𝗇𝗍𝑣,… , 𝖾𝗇𝖽𝑣:

• If 𝑡≥𝑘, then 𝚤𝑣𝑘[𝑡]= ? (unknown status for futures);
• If 𝑡<𝑘, then 𝚤𝑣𝑘[𝑡]≠ ? (determined status for pasts).

This reflects the constraint that satisfaction status cannot be evaluated for future time instants, while for past instants the status 
must be resolved to either 0 (violated) or 1 (satisfied). We denote by 𝑘 the set of all potential basic vectors at instant 𝑘 satisfying 
the above two constraints.

Definition 5 (Induced Vectors).  Given a basic set of satisfaction vectors 𝐼 = (𝚤𝑣1 ,… , 𝚤𝑣ℎ ), the induced set of satisfaction vectors for the 
remaining nodes, denoted by 𝐼+ = (𝚤𝑣ℎ+1 ,… , 𝚤𝑣𝑚 ), is defined recursively by: for each 𝑣 ∈ {𝑣ℎ+1,… , 𝑣𝑚}, we have

• If 𝑣 ∈ 𝑉∧, then for each 𝑡 = 𝗂𝗇𝗍𝑣,… , 𝖾𝗇𝖽𝑣, we have

𝚤𝑣[𝑡] =

⎧

⎪

⎨

⎪

⎩

0 if ∃𝑣′ ∈ 𝖼𝗁𝗂𝗅𝖽(𝑣) ∶ 𝚤𝑣′ [𝑡] = 0
1 if ∀𝑣′ ∈ 𝖼𝗁𝗂𝗅𝖽(𝑣) ∶ 𝚤𝑣′ [𝑡] = 1
? otherwise

.

• If 𝑣 ∈ 𝑉𝐆, then for each 𝑡 = 𝗂𝗇𝗍𝑣,… , 𝖾𝗇𝖽𝑣, we have

𝚤𝑣[𝑡] =

⎧

⎪

⎨

⎪

⎩

0 if ∃𝑡′ ∈ [𝑎𝑣, 𝑏𝑣] ∶ 𝚤𝑣′ [𝑡 + 𝑡′] = 0
1 if ∀𝑡′ ∈ [𝑎𝑣, 𝑏𝑣] ∶ 𝚤𝑣′ [𝑡 + 𝑡′] = 1
? otherwise

.

where 𝑣′ is the unique child node of 𝑣.
• If 𝑣 ∈ 𝑉𝐔′ , then for each 𝑡 = 𝗂𝗇𝗍𝑣,… , 𝖾𝗇𝖽𝑣, we have

𝚤𝑣[𝑡] =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

0 if 
(∀𝑡′ ∈ [𝑎𝑣, 𝑏𝑣])(𝚤𝑣𝑟 [𝑡 + 𝑡′]=0)

𝐨𝐫
[

(∀𝑡′∈[𝑎𝑣, 𝑏𝑣] ∶ 𝚤𝑣𝑟 [𝑡 + 𝑡′]=1)
(∃𝑡′′∈[𝑎𝑣, 𝑡′])(𝚤𝑣𝑙 [𝑡 + 𝑡′′]=0)

]

1 if 
[

(∃𝑡′∈[𝑎𝑣, 𝑏𝑣] ∶ 𝚤𝑣𝑟 [𝑡 + 𝑡′]=1)
(∀𝑡′′∈[𝑎𝑣, 𝑡′])(𝚤𝑣𝑙 [𝑡 + 𝑡′′]=1)

]

? otherwise

,

where 𝑣𝑙 and 𝑣𝑟 denotes the left and right child nodes of 𝑣, respectively.
The intuition behind the above definition is essentially the semantics of STL formulae. The induced vectors are well-defined 

because all nodes are ordered in the tree structure, where the basic vectors representing -nodes are leaves in the tree with no 
children. Hence, given a basic set of satisfaction vectors, one can compute its induced vectors in a bottom-up manner, starting from 
the leaf nodes and progressing to the root node.

For example, let 𝑣𝐺 be the parent node of 𝑣1, representing the sub-formula 𝐆[1,3]𝑥 ∈ 1. Its evaluation horizon is [2, 5]. The 
induced vector 𝜄𝑣𝐺  is derived from the basic vector 𝜄𝑣1  of its child. For instance, to determine the status of 𝜄𝑣𝐺  at time 𝑡 = 2, we check 
if 𝜄𝑣1 [2 + 𝜏] = 1 for all 𝜏 ∈ [1, 3]. If 𝜄𝑣1  has 1 at indices 3, 4, 5, then 𝜄𝑣𝐺 [2] resolves to 1. Otherwise, if any entry is 0, it resolves to 0. 
This recursive ‘‘bottom-up’’ calculation allows us to determine the status of the root node from the basic vectors.
6 
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5. Online monitoring algorithms

5.1. Evolution of basic vectors

To track the progress of the STL formulae without storing the entire state trajectory, our approach is to maintain only the 
basic satisfaction vectors and update them recursively upon observing the new system state at each time instant. This recursive 
computation proceeds as follows:

• Initialization:  At time instant 𝑘 = 0, prior to observing any system state, the initial basic set is defined as:
𝐼0 = (𝚤𝑣10 , 𝚤𝑣20 ,… , 𝚤𝑣ℎ0 ),

where each 𝚤𝑣𝑖0 = (?, ?,… , ?) is a vector with all entries initialized to the uncertain status ‘‘?’’. This reflects complete uncertainty 
about future satisfaction before any state observations are made.

• Online Update:  At time instant 𝑘, given the current basic satisfaction vector set 𝐼𝑘 = (𝚤𝑣1𝑘 ,… , 𝚤𝑣ℎ𝑘 ), the update upon observing 
a new state 𝑥𝑘 is defined as:

𝐼𝑘+1 = (𝚤𝑣1𝑘+1,… , 𝚤𝑣ℎ𝑘+1) = 𝚞𝚙𝚍𝚊𝚝𝚎(𝐼𝑘, 𝑥𝑘),

where for each 𝑣𝑖 ∈ {𝑣1,… , 𝑣ℎ} and 𝑡 ∈ [𝗂𝗇𝗍𝑣𝑖 , 𝖾𝗇𝖽𝑣𝑖 ], the updated satisfaction vector entry is: 

𝚤𝑣𝑖𝑘+1[𝑡] =

⎧

⎪

⎨

⎪

⎩

𝚤𝑣𝑖𝑘 [𝑡] if 𝑡 ≠ 𝑘,
0 if 𝑡 = 𝑘 ∧ 𝑥𝑘 ∉ 𝑣𝑖 ,
1 if 𝑡 = 𝑘 ∧ 𝑥𝑘 ∈ 𝑣𝑖 .

(6)

Therefore, the uncertain status ‘‘?’’ in the basic vectors is resolved at time 𝑘 based on state 𝑥𝑘.
Let 𝐱0∶𝑘−1 = 𝑥0𝑥1 … 𝑥𝑘−1 be a state sequence of length 𝑘. We denote by 𝐼(𝐱0∶𝑘−1) the basic set of satisfaction vectors reached 

recursively by the state sequence 𝐱0∶𝑘−1 from 𝐼0. On the other hand, for any basic set 𝐼 , we define the set of state sequences of 
length 𝑘 consistent with 𝐼 as

𝐱𝐼0∶𝑘−1 = {𝐱0∶𝑘−1 ∈ 𝑘 ∣ 𝐼(𝐱0∶𝑘−1) = 𝐼}.

The following result demonstrates that the recursive computation of the basic set above indeed captures all task-relevant information 
from the complete state trajectory.

Proposition 1.  For any state sequence 𝐱0∶𝑘 and sub-formula 𝛷𝑣 we have
(𝐱0∶𝑘, 𝑡) ⊧ 𝛷𝑣 ⇔ 𝚤𝑣𝐼(𝐱0∶𝑘)[𝑡] = 1.

Proof.  Prove this proposition recursively by mathematical induction. For the case of leaf node 𝛷𝑣 = 𝑥 ∈ :
⇒: When (𝐱0∶𝑘, 𝑡) ⊧ 𝛷𝑣, there must be 𝑥𝑡 ∈ . According to  (6), 𝚤𝑣𝐼(𝐱0∶𝑘)[𝑡] = 1.
⇐: When 𝚤𝑣𝐼(𝐱0∶𝑘)[𝑡] = 1, which also means 𝑥𝑡 ∈ . So (𝐱0∶𝑘, 𝑡) ⊧ 𝛷𝑣.
The proposition holds for leaf nodes. Assuming it always holds for child nodes, now prove the case of other nodes.
(1) 𝛷𝑣 = 𝛷𝑣𝑐1 ∧𝛷𝑣𝑐2 ∧⋯ ∧𝛷𝑣𝑐𝑛 :

⇒: When (𝐱0∶𝑘, 𝑡) ⊧ 𝛷𝑣, there must be (𝐱0∶𝑘, 𝑡) ⊧ 𝛷𝑣𝑐1 , (𝐱0∶𝑘, 𝑡) ⊧ 𝛷𝑣𝑐2 ,… , (𝐱0∶𝑘, 𝑡) ⊧ 𝛷𝑣𝑐𝑛 . So ∀𝑣𝑐𝑖 ∈ 𝖼𝗁𝗂𝗅𝖽(𝑣), 𝚤𝑣
𝑐
𝑖

𝐼(𝐱0∶𝑘)
[𝑡] = 1. Then 

𝚤𝑣𝐼(𝐱0∶𝑘)[𝑡] = 1 according to Definition  5.
⇐: Reverse the proof of ⇒.

(2) 𝛷𝑣 = 𝐆[𝑎,𝑏]𝛷𝑣𝑐 :
⇒: When (𝐱0∶𝑘, 𝑡) ⊧ 𝛷𝑣, there must be ∀𝑡′ ∈ [𝑡 + 𝑎, 𝑡 + 𝑏], (𝐱0∶𝑘, 𝑡′) ⊧ 𝛷𝑣𝑐 . So ∀𝑡′ ∈ [𝑡 + 𝑎, 𝑡 + 𝑏], 𝚤𝑣𝑐𝐼(𝐱0∶𝑘)[𝑡

′] = 1. So ∀𝑣𝑐𝑖 ∈ 𝖼𝗁𝗂𝗅𝖽(𝑣), 
𝚤
𝑣𝑐𝑖
𝐼(𝐱0∶𝑘)

[𝑡] = 1. Then 𝚤𝑣𝐼(𝐱0∶𝑘)[𝑡] = 1 according to Definition  5.
⇐: Reverse the proof of ⇒.

(3) 𝛷𝑣 = 𝛷𝑣𝑙𝑐𝐔′
[𝑎,𝑏]𝛷

𝑣𝑟𝑐 :
⇒: When (𝐱0∶𝑘, 𝑡) ⊧ 𝛷𝑣, there must be ∃𝑡′ ∈ [𝑡 + 𝑎, 𝑡 + 𝑏], (𝐱0∶𝑘, 𝑡′) ⊧ 𝛷𝑣𝑟𝑐  i.e. 𝚤𝑣𝑟𝑐𝐼(𝐱0∶𝑘)

[𝑡′] = 1 and  ∀𝑡′′ ∈ [𝑡 + 𝑎, 𝑡′] such that 
(𝐱0∶𝑘, 𝑡′′) ⊧ 𝛷𝑣𝑙𝑐  i.e. 𝚤𝑣𝑙𝑐𝐼(𝐱0∶𝑘)

[𝑡′′] = 1. So 𝚤𝑣𝐼(𝐱0∶𝑘)[𝑡] = 1 according to Definition  5.
⇐: Reverse the proof of ⇒.

According to the above, we prove (𝐱0∶𝑘, 𝑡) ⊧ 𝛷𝑣 ⇔ 𝚤𝑣𝐼(𝐱0∶𝑘)[𝑡] = 1. □

Given a basic set of satisfaction vectors 𝐼 , its induced set of satisfaction vectors is defined as 𝐼+ = (𝚤𝑣ℎ+1 ,… , 𝚤𝑣𝑚 ). We call the 
satisfaction vector corresponding to the root node 𝑣root in 𝐼+ the root satisfaction vector, denoted by 𝚤root𝐼 ∈ 𝐼+. The following result 
demonstrates that this root vector fully captures the satisfaction status of the entire STL formula. 

Proposition 2.  For any state sequence 𝐱0∶𝑘, we have 
𝐱 ⊧ 𝛷 ⇔ 𝚤root [0] = 1. (7)
0∶𝑘 𝐼(𝐱0∶𝑘)

7 
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Proof.  As a special case of Proposition  1, when 𝑣 = 𝑣root and 𝑡 = 0, 𝐱0∶𝑘 ⊧ 𝛷 ⇔ 𝚤root𝐼(𝐱0∶𝑘)
[0] = 1, which means the root vector fully 

captures the satisfaction status of the entire STL formula. □

For simplicity, we will write 𝚤root𝐼(𝐱0∶𝑘)
= 0, 1, ? whenever 𝚤root𝐼(𝐱0∶𝑘)

[0] = 0, 1, ? as the root vector only has one element.

Proposition 3.  Let 𝐼 be a basic set and 𝑘 be a time instant. For any two sequences 𝐱′0∶𝑘−1, 𝐱′′0∶𝑘−1 ∈ 𝐱𝐼0∶𝑘−1 consistent with 𝐼 , and any 
future sequence 𝐱𝑘∶𝑇 = 𝑥𝑘𝑥𝑘+1 ⋯ 𝑥𝑇 , we have 

𝐱′0∶𝑘−1𝐱𝑘∶𝑇 ⊧ 𝛷 ⇔ 𝐱′′0∶𝑘−1𝐱𝑘∶𝑇 ⊧ 𝛷. (8)

Proof.  According to Proposition  2, we know that
𝐱′0∶𝑘−1𝐱𝑘∶𝑇 ⊧ 𝛷 ⇔ 𝚤root

𝐼(𝐱′0∶𝑘−1𝐱𝑘∶𝑇 )
[0] = 1. For 𝐱′0∶𝑘−1, 𝐱′′0∶𝑘−1 ∈ 𝐱𝐼0∶𝑘−1, we have 𝐼(𝐱′0∶𝑘−1𝐱𝑘∶𝑇 ) = 𝐼(𝐱′′0∶𝑘−1𝐱𝑘∶𝑇 ). So there must be 

𝚤root
𝐼(𝐱′0∶𝑘−1𝐱𝑘∶𝑇 )

[0] = 𝚤root
𝐼(𝐱′′0∶𝑘−1𝐱𝑘∶𝑇 )

[0] = 1. Then due to Proposition  2, we have 𝐱′′0∶𝑘−1𝐱𝑘∶𝑇 ⊧ 𝛷. The proof above also holds in reverse. 
So there is 𝐱′0∶𝑘−1𝐱𝑘∶𝑇 ⊧ 𝛷 ⇔ 𝐱′′0∶𝑘−1𝐱𝑘∶𝑇 ⊧ 𝛷. □

Based on the above result, it is meaningful to write 
𝐱𝐼0∶𝑘−1𝐱𝑘∶𝑇 ⊧ 𝛷 (9)

whenever 𝐱′0∶𝑘−1𝐱𝑘∶𝑇 ⊧ 𝛷 holds for some (or equivalently, for all, due to Proposition  3) 𝐱′0∶𝑘−1 ∈ 𝐱𝐼0∶𝑘−1.

5.2. Model-predictive monitor

By recursively maintaining the basic set 𝐼𝑘 = 𝐼(𝐱0∶𝑘−1), we can draw the following conclusions about the current status of the 
entire specification formula:

• If 𝚤root𝐼𝑘
= 0, the specification has been violated, and the monitor should output (𝐱0∶𝑘−1) = 𝚟𝚒𝚘;

• If 𝚤root𝐼𝑘
= 1, the specification has been satisfied, and no further monitoring is required.

These conclusions are independent of the system dynamics, as the satisfaction status is fully determined in these cases. However, 
when 𝚤root𝐼𝑘

=?, both 𝚟𝚒𝚘 and 𝚏𝚎𝚊𝚜 remain possible outcomes, requiring analysis of the system dynamics. This leads to the following 
key definition.

Definition 6 (𝐼-Determined Feasible Sets). Let 𝛷 be an STL formula, 𝑘 ∈ [0, 𝑇 ] be a time instant and 𝐼 be a basic set. Then the 
𝐼-determined feasible set at instant 𝑘, denoted by 𝑋𝐼

𝑘 ⊆  , is the set of states from which there exists a solution 𝐮𝑘∶𝑇−1 that satisfies 
𝛷 given the current basic set 𝐼 , i.e., 

𝑋𝐼
𝑘 =

{

𝑥𝑘∈
|

|

|

|

|

∃𝐮𝑘∶𝑇−1∈  𝑇−𝑘

s.t. 𝐱𝐼0∶𝑘−1𝑥𝑘𝜉𝑓 (𝑥𝑘,𝐮𝑘∶𝑇−1) ⊧ 𝛷

}

(10)

Based on the above notion, now we present our main online monitoring algorithm as shown in Algorithm 1. The algorithm 
initializes with the time instant 𝑘 = 0 and the initial basic set 𝐼 = 𝐼0 (line 1). The monitoring process iterates as long as the STL 
formula remains unresolved (line 2). At each iteration, the current state 𝑥𝑘 is read (line 3) and checked against the feasible set 𝑋𝐼

𝑘 . 
If 𝑥𝑘 ∉ 𝑋𝐼

𝑘 , the algorithm immediately terminates with a violation decision (lines 4–6). Otherwise, the monitoring decision is set to 
 = 𝚏𝚎𝚊𝚜, and the basic set 𝐼 is recursively updated by 𝚞𝚙𝚍𝚊𝚝𝚎(𝐼, 𝑥𝑘) (lines 7–9). The time instant is then increased (line 10), and 
the loop continues until either a violation is detected or the STL formula is satisfied.

The correctness of Algorithm is established as follows. 

Theorem 1.  The online monitor  defined by Algorithm 1 indeed solves Problem  1.

5.3. Offline computation of feasible sets

The proposed online monitoring algorithm utilizes pre-computed all feasible sets 𝑋𝐼
𝑘  at each time instant. This subsection details 

the offline computation of these sets.
Note that, at each time instant 𝑘, we only need to consider those basic vectors for which the entire STL formula 𝛷 has not been 

violated. Therefore, we define
I𝑘 = {𝐼 ∈ 𝑘 ∣ 𝚤root𝐼 ≠ 0}

the set of feasible basic vectors at time instant 𝑘.
Furthermore, the basic vector set cannot be updated arbitrarily in the next time instant as it should be consistent with the existing 

history. Therefore, let 𝐼 = (𝚤𝑣1 ,… , 𝚤𝑣ℎ ) ∈ I𝑘 be a basic vector set for time instant 𝑘 and 𝐼𝑠 = (𝚤𝑣1𝑠 ,… , 𝚤𝑣ℎ𝑠 ) ∈ I𝑘+1 be a basic vector set 
for time instant 𝑘 + 1. We say 𝐼𝑠 ∈ I𝑘+1 is a successor basic set of 𝐼 ∈ I𝑘 at instant 𝑘 if

∀𝑣 ∈ 𝑉 ,∀𝑡 ∈ [𝗂𝗇𝗍𝑣,min(𝑘 − 1, 𝖾𝗇𝖽𝑣)] ∶ 𝚤𝑣[𝑡] = 𝚤𝑣[𝑡].
 𝑠
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Algorithm 1: Online Monitoring algorithm
Input: Feasible sets 𝑋𝐼

𝑘  computed offline
Output: Online monitoring decision (𝐱0∶𝑘)

1 𝑘 ← 0, 𝐼 ← 𝐼0
2 while 𝚤root𝐼 ≠ 1 do
3 observe a new current state 𝑥𝑘
4 if 𝑥𝑘 ∉ 𝑋𝐼

𝑘  then
5  issues ‘‘vio’’
6 return ‘‘𝛷 is violated’’
7 else
8  issues ‘‘feas’’
9 𝐼 ← update(𝐼, 𝑥𝑘)
0 𝑘 ← 𝑘 + 1

We denote by succ(𝐼, 𝑘) ⊆ I𝑘+1 the set of all successor basic sets of 𝐼 at instant 𝑘. Moreover, when the basic set evolves from 𝐼 to 𝐼𝑠
at instant 𝑘, it must reach a state 𝑥𝑘 consistent to the update rule. We define the region that 𝑥𝑘 needs to be in as consistent region.

Definition 7 (Consistent Regions). Let 𝐼 = (𝚤𝑣1 ,… , 𝚤𝑣ℎ )
∈ I𝑘 be a basic vector at instant 𝑘, and 𝐼𝑠 = (𝚤𝑣1𝑠 ,… , 𝚤𝑣ℎ𝑠 ) ∈ succ(𝐼, 𝑘) be a successor basic set of 𝐼 . In order to trigger the evolution 
of the basic set from 𝐼 to 𝐼𝑠 at instant 𝑘, the system should be in the consistent region 𝐻𝑘(𝐼, 𝐼𝑠), which is defined by 

𝐻𝑘(𝐼, 𝐼𝑠) =
ℎ
⋂

𝑖=1
𝐻𝑖𝑘, (11)

where

𝐻𝑖𝑘 =

⎧

⎪

⎨

⎪

⎩

 ⧵𝑣𝑖 if 𝚤𝑣𝑖𝑠 [𝑘] = 0
𝑣𝑖 if 𝚤𝑣𝑖𝑠 [𝑘] = 1
 if 𝑘 > 𝖾𝗇𝖽𝑣𝑖 or 𝑘 < 𝗂𝗇𝗍𝑣𝑖

Finally, in order to ensure that the prefix signal is always feasible, the feasible set 𝑋𝐼
𝑘  needs to be able to reach region 𝑋

𝐼𝑠
𝑘+1 in 

one step. This is formalized by the one-step feasible set defined as follows.

Definition 8 (One-Step Feasible Set). Let  ⊆  be a set of states representing the ‘‘target region’’. Then the one-step feasible set of 
 is defined by 

𝛶 () = {𝑥 ∈  ∣ ∃𝑢 ∈  s.t. 𝑓 (𝑥, 𝑢) ∈ }. (12)

We define X𝑘 = {𝑋𝐼
𝑘 ∣ 𝐼 ∈ I𝑘} as the set of all feasible sets for instant 𝑘. Then our offline objective is to compute all possible 

X0,X1,… ,X𝑇 , which are used as a look-up table during the online monitoring process. In terms of our computation of feasible 
regions, if the system is evolving from 𝐼 to 𝐼𝑠 and maintains the satisfiability of 𝐼𝑠 from instant 𝑘+1, then we know that the system 
should be in region 𝐻𝑘(𝐼, 𝐼𝑠) ∩ 𝛶 (𝑋𝐼𝑠

𝑘+1) at instant 𝑘. However, the basic set 𝐼𝑠 for the next instant depends on the current state of 
the system. Therefore, to compute 𝑋𝐼

𝑘 , we need to consider all possible successor sets 𝐼𝑠 ∈ succ(𝐼, 𝑘), and take the union of these 
regions. This is formalized by the following equation 

𝑋𝐼
𝑘 =

⋃

𝐼𝑠∈succ(𝐼,𝑘)

(

𝐻𝑘(𝐼, 𝐼𝑠) ∩ 𝛶 (𝑋𝐼𝑠
𝑘+1)

)

. (13)

Based on the above equation, we compute all feasible sets across the entire horizon using a backward recursion procedure, as 
formalized in Algorithm 2. The algorithm initializes by setting the terminal feasible set 𝑋𝐼

𝑇+1 ← R𝑛 for all 𝐼 ∈ I𝑇+1 (lines 3–4). The 
recursion proceeds backward in time from 𝑘 = 𝑇  to 𝑘 = 0. If the STL formula is already satisfied (i.e., 𝚤root𝐼 = 1), then set 𝑋𝐼

𝑘 ← R𝑛. 
At each time step 𝑘, the feasible set 𝑋𝐼

𝑘  is computed for every basic set 𝐼 ∈ I𝑘 through two operations:

• Intersection with 𝐻𝑘(𝐼, 𝐼𝑠) and 𝛶 (𝑋𝐼𝑠
𝑘+1), and

• Union over all successor sets 𝐼𝑠 ∈ succ(𝐼, 𝑘) to ensure completeness.
The resulting sets are aggregated into X𝑘, which captures all feasible states at time 𝑘 (lines 5–13).
Computation of One-Step Feasible Sets: Calculating the exact one-step feasible set 𝛶 (𝑆) depends heavily on the system dynamics 
𝑓 . For linear systems with polytopic constraints, this can be computed efficiently using polyhedral operations (e.g., Minkowski sum 
and projection). In this work, to handle general nonlinear dynamics (as considered in our case studies), we adopt a grid-based 
abstraction approach. The state space  and input space   are discretized into finite sets of grid points, denoted by   and  , 
𝑔𝑟𝑖𝑑 𝑔𝑟𝑖𝑑

9 
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Algorithm 2: Offline Computations of Feasible Sets
Input: STL formula 𝛷
Output: All potential sets {X𝑘 ∶ 𝑘 ∈ [0, 𝑇 ]}

1 for 𝑘 ∈ [0, 𝑇 ] do
2 X𝑘 ← ∅

3 for 𝐼 ∈ I𝑇+1 do
4 𝑋𝐼

𝑇+1 ← R𝑛

5 𝑘 ← 𝑇
6 while 𝑘 ≥ 0 do
7 for 𝐼 ∈ I𝑘 do
8 if 𝚤root𝐼 = 1 then
9 𝑋𝐼

𝑘 ← R𝑛

0 else
1 𝑋𝐼

𝑘←
⋃

𝐼𝑠∈succ(𝐼,𝑘)

(

𝐻𝑘(𝐼,𝐼𝑠)∩𝛶 (𝑋𝐼𝑠
𝑘+1)

)

2 X𝑘 ← X𝑘 ∪ {𝑋𝐼
𝑘}

3 𝑘 ← 𝑘 − 1

respectively. A state 𝑥 ∈ 𝑔𝑟𝑖𝑑 is included in the approximated one-step feasible set 𝛶̂ (𝑆) if there exists a control input 𝑢 ∈ 𝑔𝑟𝑖𝑑
such that the next state 𝑓 (𝑥, 𝑢) falls into a grid cell contained in 𝑆. This grid-based approximation allows us to compute the feasible 
sets for general dynamical systems, albeit with a trade-off between grid resolution and computational complexity.
Complexity Analysis: The computational complexity of the proposed framework is dominated by the offline pre-computation phase, 
specifically the calculation of one-step feasible sets 𝛶 (⋅) in Algorithm 2. Let 𝑛 be the number of atomic predicates (leaf nodes) and 
𝑇  be the time horizon. In the worst case, where all possible combinations of satisfaction statuses are feasible, the number of basic 
vectors to be processed at each time step 𝑘 is 2𝑛𝑘 (considering only 0 and 1 for the current status of each predicate). The total 
number of 𝛶 (⋅) computations across the entire horizon corresponds to the summation of a geometric series: ∑𝑇

𝑘=1 2
𝑛𝑘. Consequently, 

the worst-case offline complexity scales as 𝑂(|𝑔𝑟𝑖𝑑 | ⋅ 2𝑛𝑇 ). While this exponential growth is a known trade-off for handling nested 
STL specifications, the online monitoring phase remains highly efficient with a complexity of 𝑂(1) for set membership checks and 
vector updates, ensuring suitability for real-time applications.
Comparison with Non-nested Approaches: For non-nested formulae (e.g., ⋀𝑁

𝑖=1 𝛷𝑖), the approach in [21] maintains an index 
set of remaining unsatisfied sub-formulae. Consequently, its offline augmented state space grows exponentially with the number 
of parallel sub-formulae 𝑁 (i.e., 2𝑁  combinations), but does not depend on the length of the time horizon. In contrast, handling 
nested temporal operators (e.g., 𝐆[0,𝑇1]𝐅[0,𝑇2]𝜙) requires resolving complex temporal dependencies where the inner formula must 
be evaluated across multiple future time steps. To achieve this, our method employs satisfaction vectors to track the time-wise 
status of atomic predicates, leading to an offline complexity of 𝑂(|𝑔𝑟𝑖𝑑 | ⋅ 2𝑛𝑇 ). Therefore, compared to [21], the introduction of 
nested operators fundamentally shifts the exponential complexity dependence from the number of sub-formulae to the length of 
the evaluation horizons. This increased offline computational overhead is the necessary cost for supporting the significantly richer 
expressiveness of nested STL specifications, while the online monitoring efficiency remains comparably lightweight.

6. Case studies for online monitoring

In this section, we illustrate our online monitoring algorithm with two cases. We implemented the above methods in Python 
language.1

6.1. Building temperatures

We consider the problem of monitoring the temperature of a single zone building whose dynamic is from [27]
𝑥𝑘+1 = 𝑥𝑘 + 𝜏𝑠(𝛼𝑒(𝑇𝑒 − 𝑥𝑘) + 𝛼𝐻 (𝑇ℎ − 𝑥𝑘)𝑢𝑘),

where 𝑥𝑘 ∈  = [0, 45] is the zone temperature (◦ C) at step 𝑘, 𝑢𝑘 ∈  = [0, 1] is the heater valve’s normalized position, and 𝜏𝑠 = 1
min is the sampling interval. The model parameters include the heater temperature 𝑇ℎ = 55◦C, ambient temperature 𝑇𝑒 = 0◦C, and 
heat transfer coefficients 𝛼𝑒 = 0.06 (environmental) and 𝛼𝐻 = 0.08 (heater).

1 Our codes are available at https://github.com/sjtu-hantao/MPM4STLnested, where more details can be found.
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Fig. 2. Two trajectories of temperature control system.

Fig. 3. Two trajectories that violate at different instants.

The temperature control system aims to maintain the zone temperature within the comfortable range of 20 ◦C–25 ◦C at all times, 
ensuring that any temperature deviation is corrected within 5 min during any 10-minute window. This requirement can be specified 
using the STL formula:

𝛷 = 𝐆[0,10](𝐅[0,5]𝑥𝑘 ∈ [20, 25]).

Fig.  2 presents two temperature trajectories that are identical until time step 𝑘 = 13. For the black signal, the condition 𝑥13 ∈ 𝑋𝐼
13

holds, indicating that the control task remains feasible. However, for the red signal, 𝑥13 ∉ 𝑋𝐼
13, i.e., the specification will inevitably 

be violated. Hence no control input exists that could bring the temperature within the required range within the time window.

6.2. Autonomous robots

We consider a simple autonomous robot whose dynamic model is given as follows

𝑥𝑘+1 =
[

1 0
0 1

]

𝑥𝑘 +
[

𝜏𝑠 0
0 𝜏𝑠

]

𝑢𝑘,

where state 𝑥𝑘 ∈  = [0, 12] × [0, 12] denotes the position of the robot at instant 𝑘, control input 𝑢𝑘 ∈  = [−1, 1] × [−1, 1] is the 
speed of the robot, and 𝜏𝑠 = 1𝑠 is the sampling time. The objective of the robot is to patrol both region 𝐴1 and region 𝐴2 in 6 s and 
stay in 𝐴2 for at least 2 s. This task can be described by the following STL formula

𝛷 = 𝐅[0,6]𝐴1 ∧ 𝐅[0,6](𝐆[0,2]𝐴2),

where 𝐴1 = (𝑥∈[3, 5]) ∧ (𝑦∈[3, 5]) and 𝐴2 = (𝑥∈[6, 8]) ∧ (𝑦∈[6, 8]).
Let us consider two trajectories of the robot shown in Fig.  3. For the sake of clarity, in each figure, we only draw one feasible 

set at a certain instant. In the left figure, since 𝑥0 ∉ 𝑋𝐼
0 , the monitor can claim initially that the task cannot be satisfied as it is too 

far away from the target regions. In the right figure, for 𝑘 = 0, 1, 2, 3, the trajectory stays within the feasible region and the monitor 
issues ‘‘feas’’. Yet, we have 𝑥 ∉ 𝑋𝐼 . Therefore, the monitor issues ‘‘vio’’ at 𝑘 = 4.
4 4
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Fig. 4. Feasible sets of the double integrator model.

6.3. Double integrator with coupled dynamics

We consider a double integrator model describing the longitudinal motion of a vehicle. The state is defined as 𝑥𝑘 = [𝑝𝑘, 𝑣𝑘]⊤, 
representing position and velocity, respectively. The discretized dynamics with sampling time 𝛥𝑡 = 0.2𝑠 are given by: 

𝑥𝑘+1 =
[

1 0.2
0 1

]

⏟⏞⏞⏟⏞⏞⏟
𝐴

𝑥𝑘 +
[

0.02
0.2

]

⏟⏟⏟
𝐵

𝑢𝑘, (14)

where the control input 𝑢𝑘 ∈ [−1, 1] represents acceleration. The non-diagonal element 𝐴12 = 0.2 introduces a direct coupling 
between velocity and position updates. The state space is constrained to  = [0, 16] × [−3, 3].

The monitoring task is to ensure that the vehicle reaches a specific target region (position [8, 10] and velocity [−0.2, 0.2]) within 
17 steps and stays there for at least 3 steps. This nested specification is expressed as: 

𝛷𝑑𝑖 = 𝐅[0,17]𝐆[0,3](𝑝𝑘 ∈ [8, 10] ∧ 𝑣𝑘 ∈ [−0.2, 0.2]). (15)

The offline computed feasible sets are visualized in Fig.  4. The results clearly show that the feasible sets are not axis-aligned 
rectangles but sheared shapes. This deformation precisely captures the physical coupling: attaining a specific position requires a 
velocity constraint that depends on the distance to the target (e.g., higher velocities are only permissible when far from the target). 
This confirms that our grid-based approach effectively handles coupled dynamics in the calculation of one-step feasible sets.

7. Conclusions

In this paper, we proposed a model-based online monitoring algorithm for nested STL using syntax trees. This structure enables 
efficient online execution via simple vector updates, though the offline feasible set computation remains demanding for complex 
dynamics. In future work, we plan to extend this framework in three directions: (1) addressing stochastic systems by integrating 
probabilistic reachability to output satisfaction probabilities; (2) investigating quantitative monitoring via robust STL semantics to 
provide richer control information, despite the higher complexity; and (3) exploring syntax tree abstraction techniques to mitigate 
scalability issues, aiming to reduce the state dimensionality while preserving logical implications.
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